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Abstract

Orbital-free density functional theory (OF-DFT) promises to reduce the computational cost 

of electronic structure calculations by replacing the Kohn–Sham orbital equations with a 

direct optimization over the electron density, but requires an accurate kinetic energy density 

functional (KEDF). Machine-learned approximations have recently shown promising results 

in this direction. This thesis builds on the OF-DFT project Structures25, and contributes two 

complementary strategies for improving ground state prediction.

First, we develop Direct Ground State Prediction (DGSP), where a graph neural network pre

dicts the ground state density coefficients from the molecular geometry in a single forward 

pass, bypassing the iterative density optimization loop. With a natural 𝐿2 loss that accounts 

for the basis function overlap, the Equiformer DGSP model achieves a mean 𝐿2 density error 

of 0.0075 on the QM9 test set, roughly halving the baseline error at an order of magnitude 

faster inference.

Second, we propose a new data generation method that decouples perturbation-based train

ing data from the Kohn–Sham SCF procedure. By perturbing from the converged ground state 

according to a user-specified probability distribution, we gain direct control over the distri

bution of training densities and eliminate the coverage gap near the ground state present 

in prior approaches. This opens a broadened design space: while initial experiments have 

not yet surpassed the strong Structures25 baseline in density optimization, the framework 

makes it straightforward to generate new perturbed datasets and explore further perturbed 

data generation strategies.

Both methods are combined in a Prime & Refine framework, where DGSP initializes a subse

quent variational density optimization. We identify a “drifting” phenomenon in the low-error 

regime as a key open challenge.



Zusammenfassung

Orbitalfreie Dichtefunktionaltheorie (OF-DFT) zielt darauf ab, den Rechenaufwand quanten

chemischer Berechnungen zu reduzieren, indem sie anstelle von Kohn-Sham-Orbitalen 

direkt mit der Elektronendichte arbeitet. Dafür ist jedoch ein genaues kinetisches 

Energiefunktional (KEDF) erforderlich. Maschinell gelernte Näherungen haben kürzlich 

vielversprechende Ergebnisse in dieser Richtung gezeigt. Diese Arbeit baut auf dem OF-

DFT Projekt Structures25 auf und erweitert es um zwei komplementäre Strategien zur 

Verbesserung der Grundzustandsberechnung.

Der erste Beitrag ist die direkte Grundzustandsvorhersage (DGSP): Ein Graph-neuronales Netz 

sagt die Grundzustandsdichte-Koeffizienten in einem einzigen Forward-Pass direkt aus der 

Molekülgeometrie vorher und umgeht damit die iterative Dichteoptimierung vollständig. 

Durch Training mit einer physikalisch motivierten natürlichen 𝐿2-Kostenfunktion, die 

die Überlappmatrix der Basisfunktionen einbezieht, erreicht das Equiformer-DGSP-Modell 

einen mittleren 𝐿2-Dichtefehler von 0, 0075 auf dem QM9-Testset, was den Structures25 

Referenzwert um etwa die Hälfte reduziert und dabei eine Größenordnung schneller in der 

Inferenz ist.

Zweitens schlagen wir eine neue Methode zur Datengenerierung vor, die unabhängig von 

Kohn–Sham SCF-Iterationen perturbierte Daten ausgehend vom Grundzustand gemäß einer 

benutzerdefinierten Wahrscheinlichkeitsverteilung erzeugt. Dadurch kann die Verteilung 

der Trainingsdichten direkt gesteuert werden und die in vorherigen Ansätzen vorhandene 

Lücke bei kleinen 𝐿2-Abständen zum Grundzustand geschlossen werden. Obwohl erste 

Experimente die starke Structures25-Referenz in der Dichteoptimierung nicht übertreffen, 

ermöglicht das Framework die einfache Erzeugung neuer, modifizierter Datensätze und die 

Erforschung weiterer Strategien zur perturbierten Datengenerierung.

Beide Strategien werden in einem Prime- & Refine-Framework kombiniert, in dem DGSP 

einen initialen Startpunkt für eine anschließende variationale Dichteoptimierung liefert. 

Dabei bleibt eine offene Herausforderung ein “Drift”-Phänomen im Bereich kleiner Fehler.
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1 Introduction



Understanding the electronic structure of molecules is one of the central problems in quan

tum chemistry. The properties of any chemical system, from the stability of a drug molecule 

to the reactivity of a catalyst, are ultimately governed by the arrangement of its electrons. 

In principle, all of this information is encoded in the solution of the Schrödinger equation. 

For a system of 𝑁  electrons, the wave function 𝜓(𝒓𝟏, …, 𝒓𝑵 ) is a complex-valued function 

of 3𝑁  spatial variables, and solving for it numerically is computationally prohibitive for all 

but the smallest systems.

The Hohenberg–Kohn theorems [1] allow us to bypass the wave function entirely and 

work with the electron density 𝜌(𝒓) instead, which depends only on three spatial variables, 

regardless of the number of electrons. Figure 1.1 shows such a density for a small organic 

molecule. This result, together with the variational principle [1], reduces the problem from 

optimizing a 3𝑁 -dimensional wave function to finding the density that minimizes a universal 

energy functional and lays the foundation of Density Functional Theory (DFT), one of the 

most widely used methods in electronic structure theory.

Figure 1.1:  Isosurface of the ground-state electron density 𝜌(𝒓) for the molecule H9C6N3, 

obtained via Kohn–Sham SCF iterations.

In practice, however, the exact energy functional is unknown, and the Kohn–Sham construc

tion [2] introduces auxiliary orbitals to make the kinetic energy tractable, at the cost of 

reintroducing an orbital optimization step that scales with at least 𝒪︀(𝑁3), therefore becom

ing prohibitive for large systems such as proteins or extended materials.

Orbital-free density functional theory (OF-DFT) returns to the original density-only formu

lation and seeks to recover the ground state by minimizing directly over the density 𝜌(𝒓). If 
a sufficiently accurate kinetic energy density functional were available, this would promise 

a substantially cheaper route to electronic-structure calculations, reducing the scaling to 

potentially 𝒪︀(𝑁).
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1 Introduction

Recent progress in machine learning has made orbital-free functionals for molecules increas

ingly practical. Equivariant graph neural networks such as KineticNet [3], M-OFDFT [4], and 

Structures25 [5] show that learned OF-DFT models can reach high accuracy on molecular 

benchmarks such as QM9 [6]. In [4] and [5], the density is represented in an atom-centered 

basis and a graph neural network is used to model an energy functional over the density 

coefficients, which is then minimized by variational density optimization.

Structures25 builds on M-OFDFT architecturally by introducing message passing on a graph 

with finite radius rather than global attention, and by generalizing the Graphormer backbone 

from scalar to tensorial messages between nodes, improving geometric expressivity. It also 

changes the learning target to the combined 𝐸TXC functional and its gradient, which removes 

the need for an exchange-correlation quadrature grid during inference. Together with the 

more diverse densities generated by perturbing the effective potential during Kohn–Sham 

self-consistent field (SCF) iterations, these changes yield a well-formed energy landscape 

with a genuine minimum near the correct density, enabling fully convergent variational 

density optimization across all molecules in the QM9 test set with a mean absolute energy 

error of 0.64 mHa, below the “chemical accuracy” threshold of 1.6 mHa [5]. The present 

thesis builds on that line of work, both on the Structures25 pipeline and on the perturbation-

based data generation first developed in [7] and [8].

Contributions of This Thesis

This thesis contributes two complementary strategies for improving ground state prediction 

in OF-DFT, which together form a Prime & Refine framework.

• Prime refers to Direct Ground State Prediction (DGSP, Chapter 4), where a graph neural 

network predicts the ground state density coefficients from the molecular geometry in a 

single forward pass, bypassing iterative optimization entirely. This yields a density that is 

already close to the ground state.

• Refine refers to subsequent variational Density Optimization (Denop, Chapter 5): starting 

from the DGSP prediction as an initial guess, the density is iteratively updated along the 

energy gradient of the learned functional until convergence. To improve the Graphormer 

model near the ground state, this thesis proposes a new data-generation scheme that 

decouples perturbation-based training data from the Kohn–Sham SCF procedure. Instead 

of perturbing SCF trajectories, it perturbs converged ground states with a user-defined 

probability distribution, giving better control over the training-density distribution. Train

ing on samples concentrated near the ground state is expected to produce a more reliable 

optimization trajectory in that regime.

This work studies both components individually; results on their interaction when used 

together are still preliminary, as further development of the refine model is necessary to 

achieve a stable combined workflow.
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Outline

The thesis is organized as follows:

• Chapter 2 introduces the DFT background needed for the remainder of the thesis, including 

the Hohenberg–Kohn theorems, the Kohn–Sham construction, and the basis representa

tions used in the codebase.

• Chapter 3 summarizes Structures25, the machine-learned OF-DFT pipeline on which all 

experiments in this thesis build.

• Chapter  4 presents DGSP as the prime model, describes its architecture and loss, and 

evaluates direct ground-state prediction on QM9.

• Chapter 5 develops the refine model: it reviews perturbation-based data generation, intro

duces the new ground-state-centered perturbation framework, evaluates the resulting 

models in Density Optimization, and discusses the combined Prime–Refine workflow.

• Chapter 6 concludes with a summary of the results and the main open questions.
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2 Density Functional

Theory (DFT)

Density Functional Theory (DFT) replaces the many-electron wave function 𝜓 with the 

electron density 𝜌 as the central quantity to minimize over. This makes the high-dimensional 

problem of solving the Schrödinger equation for 𝑁  electrons in 3𝑁  dimensions tractable 

by reducing it to a problem of optimizing a function of three spatial variables. In this 

chapter, we introduce the density, formulate the energy as a functional of that density within 

the Hohenberg–Kohn theorems, and derive the Kohn–Sham framework used in modern 

electronic-structure calculations.



2.1 Notation

Throughout this chapter:

• We consider a system of 𝑁  electrons indexed by 𝑖 ∈ {1, …, 𝑁}.

• By 𝒓𝑖 ∈ ℝ3, we denote the electron positions.

• Let 𝜓(𝒓1, …, 𝒓𝑁) ∈ ℋ︀ be the 𝑁 -electron wave function in Hilbert space (ignoring spin) 

ℋ︀ = ⋀𝑁
𝑖=1

𝐿2(ℝ3) subject to normalization

⟨𝜓|𝜓⟩ =! 1, i.e.∫
ℝ3𝑁

|𝜓(𝒓1, …, 𝒓𝑁)|2 d𝒓1 ⋯ d𝒓𝑁 =! 1 (1)

• We assume a non-degenerate ground state 𝜓0.

• We use atomic units where ℏ = 𝑚𝑒 = 𝑒 = 1 and 1
4𝜋𝜀0

= 1.

2.2 Electron Density

Definition 2.1 (Density) :  The density operator 𝜌 for point 𝒓 ∈ ℝ3 is given by

𝜌(𝒓) ≔ ∑
𝑁

𝑖=1
𝛿(𝒓 − 𝒓𝑖) (2)

The expectation value of the density operator is called the electron density

𝜌(𝒓) : ℝ3 → ℝ, 𝜌(𝒓) ≔ ⟨𝜓|𝜌(𝒓)|𝜓⟩ (3)

We can explicitly calculate the density by plugging (2) into (3):

𝜌(𝒓) ≔ ⟨𝜓|𝜌(𝒓)|𝜓⟩ = ∫
ℝ3𝑁

𝜓∗(𝒓1, …, 𝒓𝑁)(∑
𝑁

𝑖=1
𝛿(𝒓 − 𝒓𝒊))𝜓(𝒓1, …, 𝒓𝑁) d𝒓1 ⋯ d𝒓𝑁 (4)

= ∑
𝑁

𝑖=1
∫

ℝ3𝑁

|𝜓(𝒓1, …, 𝒓𝑁)|2𝛿(𝒓 − 𝒓𝒊) d𝒓1 ⋯ d𝒓𝑁 (5)

= 𝑁 ∫
ℝ3(𝑁−1)

|𝜓(𝒓, 𝒓2, …, 𝒓𝑁)|2 d𝒓2 ⋯ d𝒓𝑁 (6)

In the last step, while evaluating the delta distribution, we used the anti-symmetry of the 

wave function 𝜓, rendering |𝜓(𝒓1, …, 𝒓𝑁)|2 symmetric under permutations.
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2 Density Functional Theory (DFT)

Corollary 2.2 (Normalization of density) :

∫
ℝ3

𝜌(𝒓) d𝒓 = 𝑁 (7)

Proof :

∫
ℝ3

𝜌(𝒓) d𝒓 = 𝑁∫
ℝ3𝑁

|𝜓(𝒓, 𝒓2, …, 𝒓𝑁)|2 d𝒓 d𝒓2 ⋯ d𝒓𝑁
⏟

=1 due to normalization (1)

= 𝑁 (8)

∎

2.3 Hohenberg–Kohn & Constrained Search

The presentation of this section (until (HK1)) follows Section I.1 of [1]. We consider a system 

of 𝑁  electrons subject to an external potential 𝑣(𝒓) and the Coulomb repulsion 𝑉ee (mutual 

electron-electron interaction). The Hamiltonian is given by:

𝐻̂ ≔ 𝑇 + 𝑉 + 𝑉ee, 𝑇 ≔ −1
2

∑
𝑁

𝑖=1
∇2

𝑖 , 𝑉ext ≔ ∑
𝑁

𝑖=1
𝑣(𝒓𝑖), 𝑉ee ≔ ∑

1≤𝑖<𝑗≤𝑁

1
|𝒓𝑖 − 𝒓𝑗|

(9)

Corollary 2.3 :  The potential energy 𝑉ext (also called 𝐸ext) can be expressed as

𝑉ext ≔ ⟨𝜓|𝑉ext|𝜓⟩ = ∫
ℝ3

𝑣(𝒓)𝜌(𝒓) d𝒓 (10)

Proof :  With (2), we can also write operator 𝑉ext as

𝑉ext = ∑
𝑁

𝑖=1
𝑣(𝒓𝑖) = ∫

ℝ3

𝑣(𝒓)(∑
𝑁

𝑖=1
𝛿(𝒓 − 𝒓𝑖)) d𝒓 =

(2)
∫

ℝ3

𝑣(𝒓)𝜌(𝒓) d𝒓 (11)

From this, we directly obtain the desired result:

𝑉ext ≔ ⟨𝜓|𝑉ext|𝜓⟩ =
(3)

∫
ℝ3

𝑣(𝒓)⟨𝜓|𝜌(𝒓)|𝜓⟩⏟
𝜌(𝒓)

d𝒓 (12)

∎
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2.3 Hohenberg–Kohn & Constrained Search

Theorem 2.4 (Hohenberg–Kohn 1) :  The ground state density 𝜌∗(𝒓) determines the 

external potential 𝑣(𝒓) up to an additive constant.

There exists only one potential 𝑣(𝒓) (up to an additive constant) that leads to a density 

𝜌∗(𝒓). The correspondence between the ground state density 𝜌∗(𝒓) and the external 

potential 𝑣(𝒓) is one-to-one. We have the following bijections:

𝑣 ↔ 𝜓∗ ↔ 𝜌∗ (13)

Corollary 2.5 :  𝜌∗(𝒓) uniquely determines the external potential operator 𝑉ext, because 

𝑣(𝒓) is fixed by 𝜌∗(𝒓). Since 𝑇  and 𝑉ee are known, the full Hamiltonian 𝐻̂  is fixed by 

𝜌∗(𝒓), and thus also 𝜓∗ (finding 𝜓∗ would entail solving the Schrödinger equation). The 

ground state density 𝜌∗ uniquely determines the ground state energy 𝐸∗ by this chain:

𝜌∗ ↔ 𝑉ext ↔ 𝐻 ↔ 𝜓∗ → 𝐸∗ (14)

For a proof of Theorem 2.4, we refer the reader to Chapter 4 in [9] and to [1].

Now for the second Hohenberg–Kohn theorem, we consider the variational optimization 

problem over anti-symmetric wave functions 𝜓 ∈ ℋ︀ (respecting the normalization condition 

(1)) to obtain the ground state energy 𝐸∗:

𝐸∗ = min
𝜓∈ℋ︀

⟨𝜓|𝐻̂|𝜓⟩ = min
𝜓∈ℋ︀

⟨𝜓|𝑇 + 𝑉ee + 𝑉ext|𝜓⟩ (15)

Following Levy–Lieb’s constrained-search formulation [10, 11], we define:

Definition 2.6 :  The universal functional is defined as

𝑄[𝜌] ≔ min
𝜓∈ℋ︀

⟨𝜓|𝜌|𝜓⟩=𝜌

⟨𝜓|𝑇 + 𝑉ee|𝜓⟩ (16)

By ⟨𝜓|𝜌|𝜓⟩ = 𝜌, we denote the constraint that the wave function 𝜓 must give rise to 

the density 𝜌.

The original Hohenberg–Kohn universal functional 𝐹[𝜌] ≔ ⟨𝜓|𝑇 + 𝑉ee|𝜓⟩ is only defined 

for 𝑣-representable densities. A density 𝜌 is called 𝑣-representable if there exists an external 

potential 𝑣(𝒓), such that 𝜌 is the ground-state density of the corresponding Hamiltonian 𝐻̂ =
𝑇 + 𝑉ee + 𝑉ext. In other words, a density is 𝑣-representable if it can be obtained from an 

antisymmetric ground-state wave function of some physically realizable electronic system.

8



2 Density Functional Theory (DFT)

The constrained-search functional 𝑄[𝜌] extends this to all 𝑁 -representable densities, i.e. 

all densities that can be obtained from some anti-symmetric wave function. This set is 

strictly larger than the set of 𝑣-representable densities, because not every anti-symmetric 

wave function is a ground state for some external potential. One can show that 𝑄[𝜌] = 𝐹[𝜌] 
whenever 𝜌 is 𝑣-representable. In the following, we will only consider 𝑄[𝜌]. 𝑄[𝜌] is also 

named 𝑈[𝜌] (for universal functional) in some literature [4].

Definition 2.7 :  The energy functional is defined as

𝐸[𝜌] ≔ 𝑄[𝜌] + 𝐸ext[𝜌], 𝐸ext[𝜌] =
(10)

∫
ℝ3

𝑣(𝒓)𝜌(𝒓) d𝒓 (17)

Definition 2.8 :  We define the set 𝒟︀ of admissible densities

𝒟︀ ≔ {𝜌 : ℝ3 → ℝ | 𝜌 is 𝑁-representable} (18)

Theorem 2.9 ( Hohenberg–Kohn 2 under the Levy–Lieb constrained search formula

tion ) :  The non-degenerate ground state electron density 𝜌∗(𝒓) minimizes the energy 

functional 𝐸[𝜌] over all 𝑁 -representable densities 𝜌(𝒓):

𝐸∗ = min
𝜌∈𝒟︀

𝐸[𝜌] (19)

That is, we can rewrite the optimization problem over wave functions (15) as two-step 

optimization: first, minimize over wave functions that yield a given density 𝜌 to obtain 

the universal functional 𝑄[𝜌], and then minimize over densities to obtain the ground 

state energy 𝐸∗:

𝐸∗ = min
𝜌∈𝒟︀

𝐸[𝜌] = min
𝜌∈𝒟︀

(𝑄[𝜌] + 𝐸ext[𝜌]) (20)

= min
𝜌∈𝒟︀

(

 min

𝜓∈ℋ︀
⟨𝜓|𝜌|𝜓⟩=𝜌

(⟨𝜓|𝑇 + 𝑉ee|𝜓⟩) + 𝐸ext[𝜌]
)

 (21)

The theorem guarantees that this minimization yields the same ground state energy 𝐸∗ 

as the variational principle over wave functions in (15).

We denote the minimizing ground state density as 𝜌∗(𝒓) ≔ argmin𝜌∈𝒟︀ 𝐸[𝜌].

For a proof of Theorem 2.9, we refer the reader to the original paper for the constrained-

search formulation [10] and to Chapter 4 in [9].

9



2.3 Hohenberg–Kohn & Constrained Search

In (20), the kinetic and interaction energy are collected in the universal functional 𝑄[𝜌] that 

is independent of the external potential 𝑣(𝒓) and the molecular system ℳ︀. Assuming the 

explicit form of 𝑄[𝜌] was known, we could solve the optimization problem (20) over densities 

𝜌(𝒓) on ℝ3, instead of the original optimization (15) over wave functions 𝜓(𝒓1, …, 𝒓𝑁) on 

ℝ3𝑁 , thus avoiding the exponential cost (when discretizing the wave function on a grid).

For any two systems with the same number of electrons 𝑁 , the operators 𝑇  and 𝑉ee don’t 

differ, thus 𝑄[𝜌] is a universal functional that does not depend on the system. The only 

system-specific part of the energy functional is 𝐸ext[𝜌], which depends on the external 

potential 𝑣(𝒓) that differs between systems. Thus, also the ground state density 𝜌∗(𝒓) that 

minimizes the energy functional differs between systems.

2.4 Approximations to the Energy Functional

Unfortunately, the universal functional 𝑄[𝜌] is generally not known in closed form, and thus 

the variational principle (19) cannot be used directly. The main challenge of DFT is to find 

good approximations to 𝑄[𝜌] that are accurate and computationally efficient. To this end, 

we extract from 𝑄[𝜌] the parts that can be handled explicitly and collect the rest into an 

exchange-correlation functional 𝐸XC[𝜌] that must be approximated.

𝐸[𝜌] ≔
(17)

𝑄[𝜌] + 𝐸ext[𝜌] ≔
(16)

min
𝜓∈ℋ︀

⟨𝜓|𝜌|𝜓⟩=𝜌

⟨𝜓|𝑇 + 𝑉ee|𝜓⟩

⏟
≈𝑇S[𝜌]+𝐸H[𝜌]

+ 𝐸ext[𝜌] (22)

= 𝑇S[𝜌] + 𝐸H[𝜌] + 𝐸XC[𝜌] + 𝐸ext[𝜌] (23)

The kinetic energy density functional (KEDF) 𝑇S[𝜌] is defined as its own constrained 

search, minimizing kinetic energy over all wave functions 𝜓 consistent with density 𝜌:

𝑇S[𝜌] ≔ min
𝜓∈ℋ︀

⟨𝜓|𝜌|𝜓⟩=𝜌

⟨𝜓|𝑇 |𝜓⟩ (24)

This makes the KEDF a true functional of the density 𝜌, independent of the wave function 𝜓. 

We will see in Section 2.5 how 𝑇S[𝜌] can be computed exactly from Kohn–Sham orbitals.

Note how 𝑇S[𝜌] is an approximation to the kinetic contribution in 𝑄[𝜌]. Since the minimizer of 𝑇 + 𝑉ee is 

generally different from the minimizer of 𝑇  alone, and

𝜓∗ ≔ argmin
𝜓∈ℋ︀

⟨𝜓|𝜌|𝜓⟩=𝜌

⟨𝜓|𝑇 + 𝑉ee|𝜓⟩ (25)

is a feasible but not necessarily optimal choice for the 𝑇S minimization, we have:

𝑇S[𝜌] = min
𝜓∈ℋ︀

⟨𝜓|𝜌|𝜓⟩=𝜌

⟨𝜓|𝑇 |𝜓⟩ ≤ ⟨𝜓∗|𝑇 |𝜓∗⟩ (26)

The deficit is called kinetic correlation and is absorbed into 𝐸XC.
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2 Density Functional Theory (DFT)

The classical Hartree energy 𝐸H[𝜌] approximates the electron-electron interaction by 

treating the density as a classical continuous charge distribution:

𝐸H[𝜌] ≔ 1
2

∫
ℝ3

∫
ℝ3

𝜌(𝒓)𝜌(𝒓′)
‖𝒓 − 𝒓′‖

d𝒓 d𝒓′ (27)

This is an approximation because the true interaction ⟨𝜓|𝑉ee|𝜓⟩ depends on the two-body 

reduced density matrix (not just 𝜌), i.e. on quantum correlations between pairs of electrons. 

The discrepancy is also absorbed into 𝐸XC. Note that unlike ⟨𝜓|𝑉ee|𝜓⟩, 𝐸H[𝜌] depends only 

on 𝜌 (and not on 𝜓) and is therefore an explicit density functional.

The remaining part of 𝑄[𝜌] is collected in the exchange-correlation functional 𝐸XC[𝜌] 
that accounts for all quantum effects beyond the classical Hartree energy and the KEDF.

𝐸XC[𝜌] ≔ 𝑄[𝜌] − 𝑇S[𝜌] − 𝐸H[𝜌] (28)

The external energy 𝐸ext[𝜌] ≔ ⟨𝜓|𝑉ext|𝜓⟩ can be evaluated exactly for nuclei positions 

𝑹𝑎 and nuclear charges 𝑍𝑎 (where 𝑎 ∈ {1, …, 𝐴} indexes the nuclei):

𝐸ext[𝜌] =
(10)

∫
ℝ3

𝜌(𝒓)𝑣(𝒓) d𝒓 = − ∫
ℝ3

d𝒓 𝜌(𝒓) ∑
𝐴

𝑎=1

𝑍𝑎
‖𝒓 − 𝑹𝑎‖

(29)

2.5 Kohn–Sham

This part follows end of Section A.1 to Section A.3 of [4].

Unfortunately, there exists no known exact closed-form expression, nor a satisfactory 

approximation for the kinetic energy density functional (KEDF) 𝑇S[𝜌]. The key insight of 

Kohn and Sham [2] was to instead introduce an auxiliary system of 𝑁  non-interacting 

electrons, which allows us to compute the kinetic energy exactly from the orbitals of the 

non-interacting system.

This non-interacting system is described by a set of 𝑁  orthonormal one-electron wave func

tions (orbitals) 𝚽 ≔ {𝜙𝑖(𝒓)}𝑁
𝑖=1 that are solutions to a single-particle Schrödinger equation 

with an effective potential. The wave function of the non-interacting system is then described 

by a single Slater determinant wave function 𝜓, which is the simplest anti-symmetric 𝑁 -

electron wave function respecting the Pauli exclusion principle.

𝜓(𝒓1, …, 𝒓𝑁) = 1√
𝑁!

det(𝜙𝑖(𝒓𝑗))𝑖𝑗
= 1√

𝑁!
|



 𝜙1(𝒓1)
𝜙2(𝒓1)

⋮
𝜙𝑁(𝒓1)

𝜙1(𝒓2)
𝜙2(𝒓2)

⋮
𝜙𝑁(𝒓2)

⋯
⋯
⋱
⋯

𝜙1(𝒓𝑁)
𝜙2(𝒓𝑁)

⋮
𝜙𝑁(𝒓𝑁)|






(30)
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2.5 Kohn–Sham

Theorem 2.10 : The electron density for orthonormal orbitals 𝚽 ≔ {𝜙𝑖(𝒓)}𝑁
𝑖=1 is

𝜌𝚽(𝒓) =
(3)

⟨𝜓|𝜌(𝒓)|𝜓⟩ = ∑
𝑁

𝑖=1
|𝜙𝑖(𝒓)|2 (31)

We prove this theorem on page 60 in the appendix.

The optimization problem for the kinetic energy in (24) can now be rewritten as an optimiza

tion problem over the orbitals 𝚽 that generate the density 𝜌. The equivalence to the original 

definition of 𝑇S[𝜌] in (24) is shown in Theorem 4.6 (and 4.9) in [11]. The index “S” in 𝑇S[𝜌] 
stands for 𝑆-system, referring to “single Slater determinant”.

𝑇S[𝜌] ≔
(24)

min
𝜓∈ℋ︀

⟨𝜓|𝜌|𝜓⟩=𝜌

⟨𝜓|𝑇 |𝜓⟩ = min
𝚽

𝜌𝚽=𝜌
∑
𝑁

𝑖=1
⟨𝜙𝑖|𝑇 |𝜙𝑖⟩ (32)

This expression also justifies the word non-interacting kinetic energy, as we sum over the 

kinetic energy of each orbital separately, without any interaction terms between the orbitals.

Finally, we can rewrite the full energy functional (23) in terms of the orbitals 𝚽 by substi

tuting the Slater-determinant kinetic energy from (32).

𝐸[𝜌] = 𝑇S[𝜌] + 𝐸H[𝜌] + 𝐸XC[𝜌] + 𝐸ext[𝜌] (33)

= min
𝚽

𝜌𝚽=𝜌
∑
𝑁

𝑖=1
⟨𝜙𝑖|𝑇 |𝜙𝑖⟩ + 𝐸H[𝜌] + 𝐸XC[𝜌] + 𝐸ext[𝜌] (34)

The minimization yielding the ground state energy 𝐸∗ can then be written as

𝐸∗ =
(19)

min
𝜌∈𝒟︀

𝐸[𝜌] = min
𝜌∈𝒟︀(

min
𝚽

𝜌𝚽=𝜌
∑
𝑁

𝑖=1
⟨𝜙𝑖|𝑇 |𝜙𝑖⟩ + 𝐸H[𝜌] + 𝐸XC[𝜌] + 𝐸ext[𝜌]

)
 (35)

= min
𝚽

(∑
𝑁

𝑖=1
⟨𝜙𝑖|𝑇 |𝜙𝑖⟩ + 𝐸H[𝜌𝚽] + 𝐸XC[𝜌𝚽] + 𝐸ext[𝜌𝚽]) (36)

= min
𝚽

(∑
𝑁

𝑖=1
⟨𝜙𝑖|𝑇 |𝜙𝑖⟩ + 𝐸eff[𝜌𝚽]) ≕ min

𝚽
𝐸[𝚽] (37)

The step from two-level optimization over densities and orbitals to a single-level optimization 

over just the orbitals 𝚽 is justified by the fact that the density 𝜌 is generated by the orbitals 

𝚽, so we can directly optimize over the orbitals that generate admissible densities. In the last 

line, we have introduced the effective potential 𝐸eff[𝜌].

𝐸eff[𝜌] ≔ 𝐸H[𝜌] + 𝐸XC[𝜌] + 𝐸ext[𝜌] (38)
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2 Density Functional Theory (DFT)

This appears to be a step backward compared to the density-only formulation of (HK2), 

since we now optimize 𝑁  orbitals instead of a single density. The advantage is that 𝑇S is no 

longer an unknown functional: it is computed directly from the orbitals. The only remaining 

approximation in the energy is the exchange-correlation functional 𝐸XC[𝜌].

Variational problem over orbitals

In order to solve the minimization problem 𝐸∗ = min𝚽 𝐸[𝚽] in (37), we consider the 

Lagrangian formulation of the problem:

ℒ︀[𝚽, 𝜺] ≔ 𝐸[𝚽] − ∑
𝑁

𝑖=1
𝜀𝑖(⟨𝜙𝑖|𝜙𝑖⟩ − 1) (39)

The Lagrange multipliers 𝜀𝑖 enforce the normalization of each orbital: ∀𝑖 : ⟨𝜙𝑖|𝜙𝑖⟩ = 1. The 

stationary condition ∀𝑖 : 𝛿ℒ︀
𝛿𝜙𝑖

=! 0 now yields the Euler–Lagrange equation corresponding to 

(37). For the energy functional 𝐸[𝚽], the variation with respect to orbitals 𝚽 is given by

𝛿𝐸[𝚽]
𝛿𝜙𝑖

(𝒓) =
𝛿⟨𝜙𝑖|𝑇 |𝜙𝑖⟩

𝛿𝜙𝑖
(𝒓) + ∫ 𝛿𝐸eff[𝜌𝚽]

𝛿𝜌𝚽(𝒓′)⏟
𝑉eff[𝜌𝚽](𝒓′)

𝛿𝜌𝚽(𝒓′)
𝛿𝜙𝑖(𝒓)

d𝒓′ (40)

𝛿⟨𝜙𝑖|𝑇 |𝜙𝑖⟩
𝛿𝜙𝑖

(𝒓) =
(9) 𝛿(∑𝑁

𝑗=1 −1
2⟨𝜙𝑗|∇2|𝜙𝑗⟩)

𝛿𝜙𝑖(𝒓)
= −∇2𝜙𝑖(𝒓) =

(9)
2𝑇𝜙𝑖(𝒓) (41)

𝑉eff[𝜌](𝒓) ≔ 𝛿𝐸eff[𝜌]
𝛿𝜌(𝒓)

=
(38) 𝛿𝐸H[𝜌] + 𝐸XC[𝜌] + 𝐸ext[𝜌]

𝛿𝜌(𝒓)
=

(27)
∫ 𝜌(𝒓′)

‖𝒓 − 𝒓′‖
d𝒓′

⏟
≕𝑉H[𝜌](𝒓)

+ 𝛿𝐸XC[𝜌]
𝛿𝜌(𝒓)⏟

≕𝑉XC[𝜌](𝒓)

+ 𝑉ext(𝒓) (42)

𝛿𝜌𝚽(𝒓′)
𝛿𝜙𝑖(𝒓)

=
(31) 𝛿(∑𝑁

𝑗=1|𝜙𝑗(𝒓′)|2)

𝛿𝜙𝑖(𝒓)
= 2𝜙𝑖(𝒓)𝛿(𝒓 − 𝒓′) (43)

With this, we obtain

𝛿𝐸[𝚽]
𝛿𝜙𝑖

(𝒓) = 2𝑇𝜙𝑖(𝒓) + 2𝑉eff[𝜌𝚽](𝒓)𝜙𝑖(𝒓) = 2(𝑇 + 𝑉eff[𝜌𝚽])𝜙𝑖(𝒓) (44)

Theorem 2.11 :  The stationary condition ∀𝑖 : 𝛿ℒ︀
𝛿𝜙𝑖

=! 0 yields the Kohn–Sham equa

tions with Fock operator 𝐹[𝜌𝚽] ≔ 𝑇 + 𝑉eff[𝜌𝚽].

𝐹[𝜌𝚽]𝜙𝑖(𝒓) = 𝜀𝑖𝜙𝑖(𝒓), 𝑖 = 1, …, 𝑁 (45)
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2.5 Kohn–Sham

Proof : The stationary condition ∀𝑖 : 𝛿ℒ︀
𝛿𝜙𝑖

=! 0 yields

0 =! 𝛿ℒ︀
𝛿𝜙𝑖

(𝒓) =
(39) 𝛿𝐸[𝚽]

𝛿𝜙𝑖
(𝒓) − ∑

𝑁

𝑗=1
𝜀𝑗

𝛿(⟨𝜙𝑗|𝜙𝑗⟩ − 1)
𝛿𝜙𝑖(𝒓)

(46)

=
(44)

2(𝑇 + 𝑉eff[𝜌𝚽])𝜙𝑖(𝒓) − 2𝜀𝑖𝜙𝑖(𝒓) = 2(𝐹 [𝜌𝚽] − 𝜀𝑖)𝜙𝑖(𝒓) =! 0 (47)

Rearranging yields the Kohn–Sham equations (45). ∎
Note that we only enforced the normalization constraint for each orbital, but not the orthogo

nality constraint between different orbitals in (39). This is because the Kohn–Sham equations 

(45) are eigenvalue equations for the Fock operator 𝐹 . Since 𝐹  is Hermitian, its eigenstates 

𝜙𝑖 are guaranteed to be orthogonal without explicit enforcement. The eigenvalues 𝜀𝑖 are 

interpreted as orbital energies.

Self-consistent field (SCF) iterations

The Kohn–Sham equations (45) are nonlinear: the Fock operator 𝐹  depends on the density 

𝜌𝚽, which is generated by the orbitals it acts on. Direct diagonalization is therefore not 

possible. Instead, the equations are solved by a self-consistent field (SCF) method. We start 

from an initial guess for the orbitals 𝚽(0), obtained via the minimal atomic orbital (MINAO) 

method [12, 13] if not otherwise specified. The SCF iteration then proceeds by repeatedly 

updating the orbitals and the Fock operator until convergence:

1. Construct the Fock operator from the previous orbitals: 𝐹 (𝑘) ≔ 𝑇 + 𝑉eff[𝜌𝚽(𝑘−1) ].
2. Solve the eigenvalue problem for eigenstates 𝚽(𝑘):

𝐹 (𝑘)𝜙(𝑘)
𝑖 = 𝜀(𝑘)

𝑖 𝜙(𝑘)
𝑖 , 𝑖 = 1, …, 𝑁 (48)

The procedure is continued until the orbitals 𝚽(𝑘) converge, meaning they no longer change 

significantly between successive steps (defined by a threshold) and are thus said to be self-

consistent with the Fock operator they induce. The final orbitals 𝚽(𝑘) at convergence are 

taken as the solution to the Kohn–Sham equations (45).

Note how in every SCF step, the potential 𝑉 (𝑘)
eff ≔ 𝑉eff[𝜌𝚽(𝑘−1) ] does not depend on the current 

orbitals 𝚽(𝑘) that we are solving for, only on the previous orbitals 𝚽(𝑘−1). The orbitals 𝚽(𝑘) 

define the ground state of a non-interacting system in an effective one-body potential 𝑉 (𝑘)
eff . 

This can be seen as follows. Starting with Hamiltonian 𝐻̂ ≔ 𝑇 + 𝑉 (𝑘)
eff  for a non-interacting 

system (𝑉ee = 0) in the effective potential 𝑉 (𝑘)
eff , we obtain, similar to (23):

𝐸[𝜌] = min
𝜓∈ℋ︀

⟨𝜓|𝜌|𝜓⟩=𝜌

⟨𝜓|𝑇 + 0|𝜓⟩

⏟
≕

(24)
𝑇S[𝜌]

+ 𝑉 (𝑘)
eff  ⇒  𝐸∗ = min

𝜌∈𝒟︀
(𝑇S[𝜌] + 𝑉 (𝑘)

eff ) (49)
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2 Density Functional Theory (DFT)

By introducing the orbitals 𝚽 that generate the density 𝜌, we can rewrite this like (34):

𝐸[𝜌] = min
𝚽

𝜌𝚽=𝜌
∑
𝑁

𝑖=1
⟨𝜙𝑖|𝑇 |𝜙𝑖⟩ + 𝑉 (𝑘)

eff (50)

This leads to the same one-level optimization (37), just with a redefined effective potential:

𝐸∗ = min
𝚽

(∑
𝑁

𝑖=1
⟨𝜙𝑖|𝑇 |𝜙𝑖⟩ + 𝑉 (𝑘)

eff ) (51)

Finally, varying with respect to the orbitals 𝚽 yields the same Kohn–Sham equations (45), 

solved by the SCF procedure at step 𝑘 by eigenstates 𝚽(𝑘). Equation (51) then implies that 

these orbitals minimize the non-interacting kinetic energy 𝑇S[𝜌] over all orbital sets 𝚽 pro

ducing the same density 𝜌𝚽(𝑘) ; otherwise, one could lower (51) further by selecting different 

orbitals with that same density but smaller kinetic energy. Hence, for every SCF step 𝑘, we 

obtain a training label for the KEDF 𝑇S[𝜌] by evaluating the kinetic energy of the current 

orbitals 𝚽(𝑘):

𝑇S[𝜌𝚽(𝑘) ] =
(32)

min
𝚽

𝜌𝚽=𝜌𝚽(𝑘)

∑
𝑁

𝑖=1
⟨𝜙𝑖|𝑇 |𝜙𝑖⟩ =

(32), (45), (51)
∑
𝑁

𝑖=1
⟨𝜙(𝑘)

𝑖 |𝑇 |𝜙(𝑘)
𝑖 ⟩ (52)

By the equivalence of (51) and (49) via (32), the density 𝜌𝚽(𝑘)  also minimizes (49) over 

all ground-state densities 𝜌 ∈ 𝒟︀. Therefore it satisfies the stationarity condition of that 

constrained minimization, with normalization ∫
ℝ3 𝜌(𝒓) d𝒓 = 𝑁 , which is enforced by a La

grange multiplier 𝜇(𝑘) (the chemical potential). The corresponding Euler–Lagrange equation 

for this non-interacting system in the effective potential 𝑉 (𝑘)
eff  (51) is given by

𝛿𝑇S[𝜌𝚽(𝑘) ]
𝛿𝜌(𝒓)

+ 𝑉 (𝑘)
eff (𝒓) = 𝜇(𝑘) (53)

This allows us to also retrieve in every SCF step a training label for the gradient of the 

KEDF 𝑇S with respect to the density. The chemical potential 𝜇, however, is an undeter

mined constant, and thus the gradient of the KEDF is only recoverable up to this additive 

constant. That is, only its projection onto the subspace of density variations that preserve 

the electron number 𝑁  is available as a training label. Fortunately, this is sufficient for our 

purposes.
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Atomic-basis formulation

In order to numerically solve the Kohn–Sham equations (45), the orbitals 𝜙𝑖 are represented 

in an atom-centered orbital basis {𝜂𝛼(𝒓)}𝐵
𝛼=1:

𝜙𝑖(𝒓) = ∑
𝐵

𝛼=1
𝐶𝛼𝑖𝜂𝛼(𝒓) (54)

With this, the density 𝜌 can be rewritten as

𝜌(𝒓) =
(31)

∑
𝑁

𝑖=1
|𝜙𝑖(𝒓)|2 =

(54)
∑
𝐵

𝛼,𝛽=1
∑
𝑁

𝑖=1
𝐶𝛼𝑖𝐶𝛽𝑖

⏟
≕Γ𝛼𝛽

𝜂𝛼(𝒓) 𝜂𝛽(𝒓) (55)

with density matrix 𝚪 ≔ 𝑪𝑪𝑇 . Inserting this into the Kohn–Sham equations (45) yields

∑
𝐵

𝛽=1
𝐹 (𝑘)𝐶(𝑘)

𝛽𝑖 𝜂𝛽(𝒓) = 𝜀(𝑘)
𝑖 ∑

𝐵

𝛽=1
𝐶(𝑘)

𝛽𝑖 𝜂𝛽(𝒓) (56)

We project onto the basis functions by multiplying with 𝜂𝛼(𝒓) and integrating over 𝒓 in ℝ3:

∑
𝐵

𝛽=1
𝐶(𝑘)

𝛽𝑖 ⟨𝜂𝛼|𝐹 (𝑘)|𝜂𝛽⟩⏟
≕𝐹 (𝑘)

𝛼𝛽

= 𝜀(𝑘)
𝑖 ∑

𝐵

𝛽=1
𝐶(𝑘)

𝛽𝑖 ⟨𝜂𝛼|𝜂𝛽⟩⏟
≕𝑆𝛼𝛽

(57)

This lets us write the Kohn–Sham equations in matrix form.

Theorem 2.12 :  The Kohn–Sham equations (45) in the atom-centered orbital basis can 

be written as a generalized eigenvalue problem with Fock matrix 𝑭 (𝑘), overlap matrix 𝑺 

and diagonal matrix of orbital energies 𝜺(𝑘) = diag(𝜀(𝑘)
1 , …, 𝜀(𝑘)

𝑁 ) as:

𝑭 (𝑘)𝑪(𝑘) = 𝑺𝑪(𝑘)𝜺(𝑘) (58)

The orthonormality of the orbitals ⟨𝜙𝑖|𝜙𝑗⟩ = 𝛿𝑖𝑗 translates into the condition 𝑪𝑇 𝑺𝑪 = 𝑰 , 

thus the eigenvectors (columns of 𝑪) have to be normalized with respect to the overlap 

matrix 𝑺. As before, orthogonality is already guaranteed by the Hermiticity of the Fock 

operator, so we only need to enforce normalization.

In practice, we use the 6-31G(2df,p) basis set [14] with Gaussian-type orbitals (GTOs) as 

basis functions 𝜂𝛼. Calculations are performed with the PySCF package [15–17]. It should 

be mentioned that the mere fact of expanding the orbitals in a finite basis introduces an 

additional approximation (beyond the approximation of the exchange-correlation functional 
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2 Density Functional Theory (DFT)

𝐸XC[𝜌]), since the eigenvalue problem is formulated in an infinite-dimensional Hilbert space, 

while the basis expansion restricts us to a finite-dimensional subspace. However, with a 

sufficiently large basis set, this approximation error can be reduced.

Density basis and density fitting

In the density representation of the atom-centered orbital basis (55), the coefficient matrix 

𝑪 is of size 𝐵 × 𝑁 , thus we have a 𝒪︀(𝑁𝐵) = 𝒪︀(𝑁2) scaling (𝐵 scales linearly with 𝑁 ). 

To mitigate this quadratic scaling in system size 𝑁 , we employ a linear combination of 

atomic basis function (LCAB) with basis functions {𝜔𝜇(𝒓)}𝑀

𝜇=1
 and coefficients 𝒑 of size 

𝑀  that scale linearly with system size. The density is expanded as

𝜌(𝒓) = ∑
𝑀

𝜇=1
𝑝𝜇𝜔𝜇(𝒓) (59)

The Kohn–Sham density from (55) lives in the paired orbital basis {𝜂𝛼𝜂𝛽}, while the LCAB 

formulation is in density basis {𝜔𝜇}. Density fitting bridges the two representations by 

finding coefficients 𝒑 that map well to the density matrix 𝚪 ≔ 𝑪𝑪𝑇  (that is, to the corre

sponding orbital coefficients 𝑪):

𝜌𝑪(𝒓) ≔ ∑
𝛼,𝛽

Γ𝛼𝛽𝜂𝛼(𝒓)𝜂𝛽(𝒓) ≈! ∑
𝜇

𝑝𝜇𝜔𝜇(𝒓) ≕ 𝜌𝒑(𝒓) (60)

We follow [4] and fit 𝒑 in a combined least squares problem that minimizes the Hartree 

energy of the residual density 𝐸H[𝜌𝒑 − 𝜌𝑪] and the squared error in the external energy 

(𝐸ext[𝜌𝒑] − 𝐸ext[𝜌𝑪 ])2
. An even-tempered basis set [18] with 𝛽 = 2.5 is used to calculate 

{𝜔𝜇} from the orbital basis {𝜂𝛼}.
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3 Structures25

Structures25 [5] is a machine-learned orbital-free DFT pipeline that achieves convergent 

variational density optimization on organic molecules while maintaining chemical accuracy 

relative to the Kohn–Sham reference. It builds on M-OFDFT [4] with key improvements in 

training on more diverse data generated from perturbed effective potentials, and architec

tural changes that replace the fully connected attention of M-OFDFT with local message 

passing within a radial cutoff, improving scalability while maintaining accuracy.

Our code and all experiments in this thesis build directly on Structures25. We summarize its 

architecture, training targets, density optimization procedure, and the used dataset, referring 

to [5] for full technical details.



3 Structures25

3.1 Density Representation

Both M-OFDFT and Structures25 represent the electron density via the LCAB ansatz (59):

𝜌(𝒓) = ∑
𝜇

𝑝𝜇𝜔𝜇(𝒓) (61)

where {𝜔𝜇} are atom-centered Gaussian basis functions (even-tempered with 𝛽 = 2.5) and 

𝒑 is the coefficient vector. This representation is much more compact than a real-space grid: 

typically ∼ 10𝑁  coefficients suffice for a molecule with 𝑁  atoms, compared to a grid with 

1000 times more points (needed to capture non-local features of the density). The coefficients 

are obtained by density fitting of the KS density at each SCF iteration see (60).

3.2 Training Data

When sampling from an unperturbed KS-DFT SCF procedure to generate training data, most 

densities lie very close to the ground state, as the SCF iterations converge rapidly. A model 

trained on such data has no incentive to shape the energy landscape correctly away from the 

ground state, as it only needs to be accurate in a tiny neighborhood around it. This leads to 

non-convex energy surfaces with saddle points, causing gradient-based density optimization 

to diverge into unphysical densities, as observed for M-OFDFT [5].

Structures25 therefore augments each SCF trajectory by adding random perturbations to the 

effective potential 𝑉eff at each iteration step. The perturbed potential drives the SCF solution 

away from equilibrium and produces training densities spread more broadly around the 

ground state. Training on these enriched data directly yields a well-formed energy functional 

with a genuine minimum, enabling convergent variational density optimization. The pertur

bation strategy is described in detail in Section 5.1.

3.3 Training Target

The total electronic energy decomposes as (23):

𝐸[𝜌] = 𝑇S[𝜌] + 𝐸H[𝜌] + 𝐸XC[𝜌] + 𝐸ext[𝜌] (62)

M-OFDFT predicts the difference 𝑇S − 𝑇APBEK relative to the APBEK functional [19] via delta 

learning. This requires evaluating 𝐸XC on a real-space grid at inference time. Structures25 

instead learns the combined functional 𝐸TXC ≔ 𝑇S + 𝐸XC, which aggregates all energy 

contributions not analytically accessible from 𝒑 alone. Since 𝐸H and 𝐸ext can be evaluated 

directly from 𝒑 and ℳ︀, the entire density optimization loop requires no quadrature grid.
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3.3 Training Target

Beyond energy values, the model is also trained on gradient labels ∇𝒑𝐸TXC, that is, the 

functional derivative of 𝐸TXC projected onto the density basis (related to (53)). Accurately 

modelling also the gradient of the energy landscape is necessary to enable Density Optimiza

tion as described in Section 3.5.

3.4 Architecture

The model maps density coefficients 𝒑 and molecular geometry ℳ︀ ≔ {(𝑹𝑎, 𝑍𝑎)}𝐴
𝑎=1, with 

𝑹𝑎 and 𝑍𝑎 the position and atomic number of atom 𝑎, to the scalar prediction 𝐸TXC. For 

brevity, we keep the dependence on the geometry ℳ︀ implicit in what follows. The gradient 

label ∇𝒑𝐸TXC is obtained by automatic differentiation of the predicted energy with respect to 

the input coefficients. Before the GNN backbone, the coefficients undergo the preprocessing 

pipeline from M-OFDFT [4]: natural reparametrization into an orthonormal density basis, 

followed by dimension-wise rescaling and an atomic reference correction. The natural repa

rametrization is a global operation over all 𝑁  atoms and has 𝒪︀(𝑁3) complexity.

Graphormer

The primary backbone is based on the Graphormer [20, 21], which extends the standard 

transformer to graph-structured molecular data. Its core mechanism is self-attention: each 

atom’s representation is updated as a weighted average over neighboring atoms, with 

attention weights derived from pairwise features and distances. This corresponds to a fully-

connected graph with 𝐴 atoms as nodes.

The original Graphormer processes graphs using scalar node features and graph-struc

tural encodings and does not enforce SE(3)-equivariance. M-OFDFT introduces rotational 

invariance by constructing an equivariant local coordinate frame for each atom from its 

neighborhood geometry and rotating the density coefficients into a canonical orientation 

prior to message passing. The local frames themselves are not propagated through the 

network; after canonicalization, all features are scalar and the attention layers operate in a 

frame-independent representation.

Structures25 extends the local-frame construction of M-OFDFT by tensorial message passing 

[22]: when sending a message from atom 𝑎 to atom 𝑏, features are rotated from 𝑎’s local frame 

through the global frame into 𝑏’s local frame, enabling directional, higher-order geometric 

information to flow between atoms, while retaining a Graphormer-style attention backbone.

A second key modification is replacing the fully connected attention graph with local 

message passing within a radial cutoff of 6 𝑟Bohr. The fully connected graph of M-OFDFT 

incurs 𝒪︀(𝑁2) complexity per layer and eventually becomes prohibitive for large systems; 

local message passing reduces this to 𝒪︀(𝑁), consistent with the nearsightedness principle 

of electronic matter [23]: for systems with a bandgap, the density at any point is determined 

predominantly by the nearby potential.
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3 Structures25

Equiformer

The Structures25 codebase also supports the Equiformer architecture [24] as alternative 

backbone. EquiformerV2 [25] achieves SE(3)-equivariance by a fundamentally different 

strategy: stacking equivariant layers, each using the tensor product as its core bilinear oper

ation to mix features of different irreducible representations, while each linear layer only 

operates on features of the same representation.

Structures25 [5] finds comparable accuracy between the Graphormer and Equiformer fami

lies, with the Graphormer variant currently offering the better cost–performance trade-off.

3.5 Density Optimization (Denop)

At inference time, the ground state density for a given geometry ℳ︀ is obtained by 

minimizing the total energy functional 𝐸tot[𝜌] with respect to density 𝜌(𝒓). This process is 

referred to as density optimization (Denop). The minimum is found via gradient descent with 

momentum1. Figure Figure 3.2 visualizes this iterative procedure.

· · · · · · · · ·
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Figure  3.2:  Schematic overview of Density Optimization in Structures25. Starting from 

an initial guess of density coefficient vector 𝒑, and given the molecular geometry ℳ︀, the 

network predicts the energy functional 𝐸TXC(𝒑, ℳ︀). Its gradient with respect to 𝒑, where 

the latter is obtained by automatic differentiation. The coefficients 𝒑 are iteratively refined 

by following the energy gradient of the learned functional until convergence is reached. Plot 

taken without modification from Figure 1 (B) in [5].

1The PyTorch [26] implementation is used with a learning rate of 0.003 and momentum of 0.9 for QM9, 
see also Section S.6 in [5].
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3.5 Density Optimization (Denop)

During optimization, the update step is projected onto the hyperplane defined by the electron 

number constraint ∫ 𝜌(𝒓)𝑑𝒓 = 𝑁 . This ensures that the total number of electrons remains 

constant throughout optimization. The energy gradient is obtained by automatic differenti

ation of the predicted energy with respect to the input coefficients, and the optimization 

proceeds until convergence, defined as when the norm of the energy gradient falls below 

10−4 Ha. Convergence requires the learned functional to have a genuine energy minimum at 

or near the ground state density, which is achieved by training on perturbed data as described 

in Section 3.2 and Section 5.1.

3.6 Dataset: QM9

Structures25 is (among others) trained and evaluated on QM9 [6], a dataset of 133 885 small 

organic molecules C𝑐HℎN𝑛O𝑜F𝑓  with 𝑐 + 𝑛 + 𝑜 + 𝑓 ≤ 9 (at most 9 non-hydrogen atoms). 

Reference labels are computed at the PBE/6-31G(2df,p) level with PySCF [15, 16]. From each 

SCF iteration, a training tuple (𝒑, 𝐸TXC, ∇𝒑𝐸TXC) is extracted. The dataset is randomly split 

in an 80:10:10 ratio for training, validation and testing sets.

On the test set containing 13 389 molecules, Structures25 achieves 100% convergence in 

density optimization (gradient norms around 10−13) and a mean absolute energy error of 

0.64 mHa, below the “chemical accuracy” threshold of 1.6 mHa (1 kcal/mol). The mean 𝐿2 

density error is 0.0140; notably, it is smaller than the approximation error from density fitting 

where the KS density is projected onto the orbital-free basis, see also Fig. S.2 in [5].

3.7 Extrapolation to Larger Molecules

A primary motivation for OF-DFT is its favorable cost scaling. To assess transferability 

beyond the training regime, Structures25 is evaluated on QMugs [27], a dataset of drug-

like molecules substantially larger than QM9. Despite the local radial cutoff, the per-atom 

energy error does not grow with molecule size across the QMugs test set, and density 

optimization converges on all 850 test molecules. The three largest energy outliers all contain 

a trifluoromethoxy group found in only a single training molecule, illustrating that sufficient 

coverage of chemical substructures remains necessary. Here, Structures25 achieves roughly 

an order of magnitude speedup over Kohn–Sham DFT on identical hardware, reflecting the 

cheaper per-iteration cost (no matrix diagonalization required to solve the SCF equations 

during inference) [5].
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4 Direct Ground State

Prediction (DGSP)

The previous chapters described how a learned KEDF model is used together with Density 

Optimization (Denop) to find the ground state. This variational approach is physically prin

cipled but computationally expensive at inference time, since every test molecule requires an 

iterative optimization loop. An alternative is to predict the ground state density directly from 

the molecular geometry in a single forward pass, thereby bypassing optimization entirely. 

This approach is called Direct Ground State Prediction (DGSP). In this chapter, we discuss 

related work on DGSP, describe our implementation, and present results.



4.1 Related Work

Several recent methods have explored the idea of predicting the ground state electron density 

𝜌∗ directly from the molecular geometry ℳ︀, without running a full SCF or Denop process. 

They differ mainly in how the density is represented and in whether the model predicts the 

density itself or only a correction to an existing initialization.

ELECTRA [28] predicts the ground state density directly as a sum of floating Gaussian 

orbitals. Rather than restricting the representation to atom-centered basis functions, it pre

dicts Gaussian weights, positions, and covariance matrices, which gives the model freedom 

to place its basis functions anywhere in space and thus capture the density also in inter-

atomic regions without manually designing virtual nodes or floating orbitals.

BOA [29] also predicts the ground state density directly, but employs an atom-centered 

basis representation. It makes use of a quadratic expansion, inspired by the density-matrix 

formalism of KS-DFT, instead of predicting a simple linear coefficient vector. Products of 

basis functions centered on different atoms also cover the inter-atomic regions, even without 

explicit floating orbitals. BOA employs a novel message passing scheme where messages are 

transformed from the basis of the sending node to that of the receiving node via the overlap 

matrix. This provides a strong geometry-aware bias.

M-OFDFT [4] operates on density coefficients 𝒑 under an atomic basis, and minimizes the 

electronic energy through gradient descent on 𝒑 (Denop). Within that framework, a prac

tical difficulty is that the standard MINAO initialization [15] is not generated by the same 

mechanism as the SCF densities seen during training and can therefore lie off the training-

data manifold. To address this, the M-OFDFT paper proposes ProjMINAO, where an auxiliary 

network Δ𝒑(𝒑init, ℳ︀) learns to predict a correction to the initial MINAO coefficients in 

coefficient space, in order to project the initial guess toward the ground state and on the 

training manifold. The corrected coefficients are then used as the starting point for Denop.

4.2 Method

Overview

In our standard pipeline, the GNN (Graphormer or Equiformer) takes as input the molecular 

geometry ℳ︀ and the current density coefficients 𝒑, and predicts the KEDF energy 𝑇S and its 

gradient ∇𝒑𝑇S. The gradient is then used for Denop.

For DGSP, we repurpose the same GNN backbone and add a dedicated MLP readout head2 

that predicts the coefficient correction Δ𝒑 directly. Concretely, the GNN processes the 

molecular graph and produces node features; these are passed through the initial guess delta 

module, an MLP that maps atom-level features to per-basis-function coefficient corrections.

2This readout head was already present in the codebase, but not used by default.
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4 Direct Ground State Prediction (DGSP)

We define the difference between initial coefficients 𝒑init and the label ground state coeffi

cients 𝒑∗ as Δ𝒑∗, while the difference between the predicted coefficients 𝒑 to the initial 

coefficients is Δ𝒑. Figure 4.3 illustrates the geometric relationship between these quantities.

Δ𝒑∗ ≔ 𝒑∗ − 𝒑init (63)

Δ𝒑 ≔ 𝒑 − 𝒑init (64)

𝒑init

𝒑𝒑∗

+Δ𝒑+Δ𝒑∗

Figure 4.3:  Schematic relation between initial coefficients 𝒑init, label ground state coefficients 

𝒑∗, and predicted ground state coefficients 𝒑. Red: difference vector between predicted and 

label ground state coefficients.

For the sample molecule H9C6N3, Figure 4.4 visualizes the density difference Δ𝜌∗(𝒓) be

tween the initial MINAO guess and the label ground state. The blue and red regions indicate 

where the initial guess overestimates or underestimates the label density, respectively. The 

DGSP model’s task is to learn to predict a correction that moves from the initial guess toward 

the ground state in a single step, effectively “filling in” the red regions and “trimming down” 

the blue regions to match the label density.

Figure 4.4:  Isosurface of the density difference Δ𝜌∗(𝒓) ≔ 𝜌init(𝒓) − 𝜌∗(𝒓) between the initial 

MINAO guess 𝜌init and the label ground state 𝜌∗ (last SCF iteration) for molecule H9C6N3. 

Blue: positive difference. Red: negative difference.
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4.2 Method

Model: MLP Head

The readout head is a simple MLP mapping from the GNN’s node features (dimension 768) 

to the per-basis-function coefficient corrections Δ𝒑. It consists of two hidden linear layers 

with GeLU activation in-between, and no dropout. In total, the MLP has 957 K trainable 

parameters, with 590 K for the first linear layer and 366 K for the second linear layer.

Since DGSP does not require energy gradients, we use a simplified network variant that does 

not compute ∇𝒑𝑇S. This avoids the computational overhead of backpropagation through the 

energy prediction during the forward pass. The energy and gradient loss weights are set to 

zero, and only the coefficient loss is active.

Loss Function: Natural 𝐿2 Loss

Figure 4.3 might suggest defining the loss as 𝐿1 or 𝐿2 distance between the predicted and 

label coefficient corrections:

ℒ︀′ ≔ ‖Δ𝒑 − Δ𝒑∗‖1 or ℒ︀″ ≔ ‖Δ𝒑 − Δ𝒑∗‖2 (65)

The coefficient-space 𝐿1 loss ℒ︀′ is problematic because its sparsity bias in the weights 

encourages the model to focus on a few basis functions while ignoring others, which can 

lead to suboptimal density predictions. The 𝐿2 loss, on the other hand, distributes the error 

more evenly across all basis functions. Furthermore, it penalizes larger errors more strongly, 

which can help the model to learn more accurate corrections.

But a naive coefficient-space 𝐿2 loss ℒ︀″ is still suboptimal. It treats all coefficient directions 

as equally important, although basis functions have different spatial extent and nontrivial 

overlap. Hence, a small Euclidean coefficient error can still produce a large real-space density 

error and vice versa. Instead, we optimize the physically relevant quantity: the 𝐿2 error of 

the density difference Δ𝜌(𝒓). This yields the natural 𝐿2 loss, which incorporates the basis 

overlap matrix and is invariant to the chosen coefficient representation.

ℒ︀ ≔ ‖Δ𝜌 − Δ𝜌∗‖2 (66)

This loss directly measures the error in the predicted density difference, rather than just the 

coefficient difference, and thus provides a more meaningful training signal for DGSP. With 

Theorem 4.1, we obtain two expressions that differ by the presence of the overlap matrix 𝑾 .

ℒ︀″ = √(Δ𝒑 − Δ𝒑∗)𝑇 (Δ𝒑 − Δ𝒑∗) (67)

ℒ︀ = √(Δ𝒑 − Δ𝒑∗)𝑇 𝑾(Δ𝒑 − Δ𝒑∗) (68)
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4 Direct Ground State Prediction (DGSP)

Theorem 4.1 (𝐿2-Norm of density) :  The density in the LCAB ansatz (59) has 𝐿2 norm:

𝜌(𝒓) = ∑
𝜇

𝑝𝜇𝜔𝜇(𝒓)  ⇒  ‖𝜌(𝒓)‖2 = √𝒑𝑇 𝑾𝒑 (69)

where 𝑊𝜇𝜈 ≔ ∫
ℝ3 𝜔𝜇(𝒓) 𝜔𝜈(𝒓) d𝒓 is the overlap matrix of the density basis.

Proof : We plug the density expansion into the definition of the 𝐿2 norm.

(‖𝜌(𝒓)‖2)
2

= ∫
ℝ3

|𝜌(𝒓)|2 d𝒓 (70)

= ∫
ℝ3

(∑
𝜇

𝑝𝜇𝜔𝜇(𝒓))(∑
𝜈

𝑝𝜈𝜔𝜈(𝒓)) d𝒓 (71)

= ∑
𝜇,𝜈

𝑝𝜇𝑝𝜈∫
ℝ3

𝜔𝜇(𝒓) 𝜔𝜈(𝒓) d𝒓
⏟

𝑊𝜇𝜈

(72)

= ∑
𝜇,𝜈

𝑝𝜇𝑊𝜇𝜈𝑝𝜈 = 𝒑𝑇 𝑾𝒑 (73)

∎
Overlap Matrix 𝑾
Notice how the natural 𝐿2 loss ℒ︀ (68) incorporates the overlap matrix 𝑾 , which captures 

the geometry of the basis functions. This means that the loss is sensitive to how coefficient 

differences translate into real-space density errors, rather than treating all coefficient errors 

as equally bad regardless of their spatial impact.

The overlap matrix 𝑾  depends on the molecular geometry and the density basis set. We 

precompute it for each sample using PySCF [15]. During collation, these per-sample overlap 

matrices are zero-padded to a common size and stacked into a batched tensor, such that (68) 

can be evaluated efficiently in a batched manner.

Natural Reparameterization

Natural reparameterization (NatRep), as introduced in M-OFDFT [4], constructs a new matrix 

𝑴  from the overlap matrix such that 𝑾 = 𝑴𝑴𝑇 , and then transforms the coefficients 

via 𝒑 = 𝑴𝑇 𝒑. In this transformed representation, the Euclidean norm of Δ𝒑 matches the 

physical 𝐿2 norm of the density difference:

‖Δ𝒑‖2 = √Δ𝒑𝑇 Δ𝒑 = √Δ𝒑𝑇 𝑴𝑴𝑇 Δ𝒑 = √Δ𝒑𝑇 𝑾Δ𝒑 = ‖Δ𝜌‖2 (74)

In the main DGSP experiments described here, NatRep is not applied in preprocessing. For 

the natural 𝐿2 setup, we instead add the overlap matrix in order to compute the loss in the 

original coefficient space.
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4.2 Method

Local and Global Frames

In the Graphormer variant, the cached coefficients are represented in local frames so that 

the input becomes SE(3)-invariant. The overlap matrix 𝑾 , however, is stored in the global 

frame. It would be computationally costly to transform the collated overlap matrix to the 

local frame. Instead, our implementation of the natural 𝐿2 loss first maps both the predicted 

and target coefficient differences back to the global frame and only then evaluates the 𝐿2 

loss with 𝑾 . Since the local-frames transformation is orthogonal, its inverse is simply the 

transpose. For the Equiformer variant, this step is not necessary because no local frames 

are used.

Data

In the standard Structures25 pipeline, each molecule contributes multiple SCF iterations (one 

coefficient–gradient pair for each iteration). For DGSP, we restrict the dataset to only the 

initial guess (0th SCF iteration), since the network should learn to map the initial MINAO 

density to the ground state in a single step.

4.3 Results

We train two DGSP models on the QM9 dataset with perturbed Fock data generated in [7] 

and used in [5]:

• Graphormer: with local frames; natural 𝐿2 loss

• Equiformer: (EquiformerV2) without local frames; natural 𝐿2 loss

The predicted density correction Δ𝒑 gives an approximation of the ground state density 

in a single forward pass (see Figure 4.3). In Figure 4.5, we evaluate the 𝐿2 density error 

‖𝜌 − 𝜌∗‖2 for the DGSP models and compare it against a Density Optimization run using 

the Graphormer model trained with the default Structures25 settings. The evaluation is 

performed on our QM9 test set containing 13 389 molecules.

Both the Graphormer and Equiformer DGSP models outperform the baseline Denop 

approach and have less variance. The best results are achieved by the Equiformer, which 

attains a mean 𝐿2 density error of 0.0075, compared to 0.0101 for the Graphormer and 

0.0167 for the Denop baseline. This shows that DGSP can get very close to the ground state 

density in a single step, without any optimization iterations.

DGSP also has a clear inference-time advantage: while the baseline requires 194 iterations 

on average, DGSP needs only a single forward pass. We parallelize DGSP evaluation, such 

that with 32 workers the full test set can be processed in approximately 25 minutes per DGSP 

model on an NVIDIA A100 GPU. By contrast, the Denop baseline takes approximately 36.57 s 
per molecule, which amounts to approximately 4 h for the full test set with 32 workers.
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Figure  4.5:  Comparison of 𝐿2 density differences to the ground state for the baseline 

(Structures25 Denop), the DGSP Graphormer, and the DGSP Equiformer on the test set 

containing 13 389 molecules. The equiformer performs best with a mean 𝐿2 density error of 

0.0075. Plot cut off at 0.05.

However, this improved performance and inference efficiency comes at the cost of signifi

cantly longer training times. While the Baseline Graphormer model trained with the default 

Structures25 settings took ≈ 3 days to train on two NVIDIA A100 GPUs, both DGSP models 

took ≈ 23 days. In principle, the models should train faster since no backpropagation is 

needed to obtain gradients. The bottleneck is likely due to the computational overhead of 

the natural 𝐿2 loss, which requires matrix multiplications with the overlap matrix 𝑾  during 

training. Future work on improving training efficiency would be important to enable faster 

iteration on DGSP experiments and to explore larger model variants.

Furthermore, the current DGSP models only report the coefficient loss. Combining the DGSP 

coefficient loss with the variational energy and gradient losses in a multi-task setup could 

yield a model that both predicts good initial densities and provides accurate KEDF gradients 

for Denop. This is attempted in Chapter 5. Furthermore, future work should explore model 

generalization to larger datasets and more complex molecules beyond QM9, for example 

using the QMugs dataset [27]. If DGSP can generalize well to larger and more complex 

molecules, it could become a powerful tool for fast density prediction in a wide range of 

chemical applications.
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5 Refine-Model

The quality and variety of training densities strongly influence the learned energy landscape 

and, therefore, whether density optimization converges to physically meaningful ground 

states. We begin by outlining the Structures25 strategy of perturbing the effective potential 

during the Kohn–Sham SCF iterations to produce training data, and then introduce an 

alternative that fully separates perturbation-based data generation from the SCF trajectory. 

Finally, we evaluate models trained on these datasets and report preliminary results for 

combining DGSP (Chapter 4) with a Refine-Model in a Prime–Refine workflow.



5 Refine-Model

5.1 Data Generation with Perturbations

As shown in Section 2.5, each SCF iteration 𝑘 produces orbitals 𝚽(𝑘) that are the ground 

state of a non-interacting system in the potential 𝑉 (𝑘)
eff . This yields training labels for both 

the KEDF value 𝑇S[𝜌𝚽(𝑘) ] via (52) and the KEDF gradient via the Euler–Lagrange equation 

(53). In principle, every SCF iteration thus provides one label pair (𝑇S, ∇𝒑𝑇S).

However, the densities encountered along an unperturbed SCF trajectory lack diversity: they 

rapidly converge to the ground state, leaving only a small fraction of the density space 

covered by the training data. Therefore, we follow the approach pioneered in [5, 7, 8] and 

apply perturbations during the SCF procedure to generate a richer variety of labels. This 

strategy also aims at reducing convergence difficulties noted in the M-OFDFT paper [4] 

(Section B.5.3 Stopping Criterion). Models trained on perturbed data have been shown to 

outperform those trained on unperturbed SCF trajectories [7].

We follow the presentation in [7] to describe the perturbation method and derive the 

resulting gradient labels. We then propose a different perturbation strategy that addresses 

some practical limitations of the SCF-based approach.

External potential perturbation

In SCF iteration 𝑘, the effective potential is perturbed as

𝑉 (𝑘)
eff (𝒓) → 𝑉 (𝑘)

eff (𝒓) + 𝛿𝑉 (𝑘)(𝒓) (75)

where 𝛿𝑉 (𝑘) is a perturbation potential, constructed as a linear combination of density basis 

function {𝜔𝜇}𝑀

𝜇=1
 (59):

𝛿𝑉 (𝑘)(𝒓) = ∑
𝑀

𝜇=1
𝛿𝑉 (𝑘)

𝜇 𝜔𝜇(𝒓) (76)

The coefficients 𝛿𝑉 (𝑘)
𝜇  are drawn from a suitable distribution. Expressing this perturbation 

in the orbital basis {𝜂𝛼}𝐵
𝛼=1 (54) amounts to a perturbed Fock matrix 𝑭 (𝑘) (57) with entries

𝐹 (𝑘)
𝛼𝛽 → 𝐹 (𝑘)

𝛼𝛽 + ⟨𝜂𝛼|𝛿𝑉 (𝑘)|𝜂𝛽⟩ (77)

= 𝐹 (𝑘)
𝛼𝛽 + ∫ 𝛿𝑉 (𝑘)(𝒓)𝜂𝛼(𝒓)𝜂𝛽(𝒓) d𝒓 (78)

=
(76)

𝐹 (𝑘)
𝛼𝛽 + ∫(∑

𝑀

𝜇=1
𝛿𝑉 (𝑘)

𝜇 𝜔𝜇(𝒓))𝜂𝛼(𝒓)𝜂𝛽(𝒓) d𝒓 (79)

= 𝐹 (𝑘)
𝛼𝛽 + ∑

𝑀

𝜇=1
𝛿𝑉 (𝑘)

𝜇 ∫ 𝜔𝜇(𝒓)𝜂𝛼(𝒓)𝜂𝛽(𝒓) d𝒓
⏟

≔𝑊𝜇𝛼𝛽

= 𝐹 (𝑘)
𝛼𝛽 + ∑

𝑀

𝜇=1
𝛿𝑉 (𝑘)

𝜇 𝑊𝜇𝛼𝛽 (80)
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5.1 Data Generation with Perturbations

where 𝑊𝜇𝛼𝛽 is the three-center overlap tensor between the density basis and the orbital 

basis: 𝑊𝜇𝛼𝛽 ≔ ∫ 𝜔𝜇(𝒓) 𝜂𝛼(𝒓) 𝜂𝛽(𝒓) d𝒓.

Sampling the perturbation in the density basis rather than perturbing the Fock matrix 

directly is essential for physical consistency. Any perturbation of the form (76) corresponds 

to a potential that uniquely determines the resulting ground-state density (see Theorem 2.4), 

which in turn makes the gradient label (derived next) consistent with that density.

Perturbing the Fock matrix entries 𝐹𝛼𝛽 directly would not guarantee this. For instance, if two 

products of orbital basis functions coincide, 𝜂𝛼𝜂𝛽 = 𝜂𝛾𝜂𝛿, then for any one-body potential 

𝑉  we must have ⟨𝜂𝛼|𝑉 |𝜂𝛽⟩ = ⟨𝜂𝛾|𝑉 |𝜂𝛿⟩. A random, unconstrained matrix perturbation 

can violate this constraint, yielding a Fock matrix that does not correspond to any physical 

potential. The resulting density–gradient pair would then be inconsistent.

Gradient label under perturbation

The orbitals 𝚽(𝑘) obtained from the perturbed Fock matrix are the ground state of a non-

interacting system in the potential 𝑉 (𝑘)
eff + 𝛿𝑉 (𝑘). By the same Euler–Lagrange argument that 

led to (53), we find:

𝛿𝑇S[𝜌𝚽(𝑘) ]
𝛿𝜌(𝒓)

= −(𝑉 (𝑘)
eff (𝒓) + 𝛿𝑉 (𝑘)(𝒓)) + 𝜇(𝑘) (81)

where 𝜇(𝑘) is the chemical potential enforcing ∫ 𝜌 d𝒓 = 𝑁 . Projecting onto the density basis 

(multiplying by 𝜔𝜇 and integrating) gives the gradient with respect to density coefficients 𝒑:

𝜕𝑇S
𝜕𝑝𝜇

= ∫ 𝛿𝑇S
𝛿𝜌(𝒓)

d𝜌(𝒓)
d𝑝𝜇

d𝒓 = ∫ 𝛿𝑇S
𝛿𝜌(𝒓)

𝜔𝜇(𝒓) d𝒓 (82)

=
(81)

∫(𝜇(𝑘) − 𝑉 (𝑘)
eff (𝒓))𝜔𝜇(𝒓) d𝒓

⏟
gradient without perturbation

− ∫ 𝛿𝑉 (𝑘)(𝒓)𝜔𝜇(𝒓) d𝒓
⏟

perturbation contribution 𝛿𝑣(𝑘)
𝜇

(83)

The first term is the gradient label that would be obtained without perturbation, while the 

second term captures the contribution of the perturbation:

𝛿𝑣(𝑘)
𝜇 ≔ ∫ 𝛿𝑉 (𝑘)(𝒓)𝜔𝜇(𝒓) d𝒓 =

(76)
∑
𝑀

𝜈=1
𝛿𝑉 (𝑘)

𝜈 ∫ 𝜔𝜇(𝒓)𝜔𝜈(𝒓) d𝒓 = ∑
𝑀

𝜈=1
𝛿𝑉 (𝑘)

𝜈 𝑊𝜇𝜈 (84)

where 𝑊𝜇𝜈 = ∫ 𝜔𝜇𝜔𝜈 d𝒓 is the density-basis overlap matrix. Again, the chemical potential 

𝜇(𝑘) enforcing the density normalization is eliminated by a projection on the tangent space 

of normalized densities as originally described in Section  A.4.3 of [4] and illustrated in 

Section 5.3 of [8].
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5 Refine-Model

Sampling Perturbations

Following [5, 7, 8], the perturbation coefficients 𝛿𝑉 (𝑘)
𝜇  are applied during the Kohn–Sham 

calculations and are sampled independently from a zero-mean normal distribution 𝒩︀(0, 𝜎2
𝑘). 

The standard deviation 𝜎𝑘 follows a linearly decreasing schedule over SCF iterations, from 

𝜎 = 0.102 at iteration 6 down to 𝜎 = 0.002 at iteration 26. Outside this range, no pertur

bation is applied: the SCF calculation runs unperturbed for the first five iterations and again 

from iteration 27 onward until convergence.

The schedule was calibrated in Section 5.2 of [7], such that the perturbed densities are 

approximately as far from the ground state as the MINAO initialization [12, 13]. Starting 

perturbations only at iteration 6 prevents excessive density deviations during the early SCF 

steps, where the density is still far from convergence.

Reproducing the perturbation method from [5], we depict in Figure 5.6 the distribution of 

𝐿2 density differences to the ground state for the Structures25 QM9 train split per SCF 

iteration. The 𝐿2 distance is computed as ‖𝜌 − 𝜌∗‖2. In the first iterations, no perturbations 

are applied and the density rapidly approaches the ground state. It is unclear why most 

samples at iteration 2 have a larger 𝐿2 distance than at iteration 1. Overall, however, the 

trend from iterations 0 to 5 is a rapid decrease in 𝐿2 distance due to the SCF procedure. At 

iteration 6, perturbations are turned on, causing a jump in the median 𝐿2 distance. From 

there, the median 𝐿2 distance decreases roughly linearly through iteration 26, following the 

perturbation schedule with linearly decreasing 𝜎𝑘. After iteration 26, perturbations stop and 

the density continues to converge towards the ground state.

A notable exception is iteration 14 (9th perturbed iteration), where the median stalls for one 

iteration, before resuming its downward trend. This is likely due to the Direct Inversion 

in the Iterative Subspace (DIIS) procedure [30], used to speed up SCF convergence. DIIS 

extrapolates the new Fock matrix as linear combination of Fock matrices from past iterations 

(we only cache the unperturbed Fock matrices for DIIS) and solves a least-squares problem 

to find the optimal coefficients for this linear combination.

In our case, we use 8 cached Fock matrices for DIIS. Before perturbations begin, the 

subspace is populated with Fock matrices computed from fully unperturbed densities. Once 

perturbations start, these pre-perturbation matrices serve as an anchor that biases the 

DIIS extrapolation towards the ground state. After exactly 8 perturbed iterations, the DIIS 

subspace size is exhausted and the last pre-perturbation Fock matrix is evicted. At that point 

(9th perturbed iteration), DIIS loses this anchor entirely and operates solely on Fock matrices 

built from perturbed densities. This likely explains the temporary stalling of the median 𝐿2 

distance at iteration 14.
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5.1 Data Generation with Perturbations

We also notice this effect in Figure 5.7, which depicts a histogram of 𝐿2 density differences 

to the ground state for only perturbed samples (corresponding to iterations 6–26 marked in 

red in Figure 5.6). The Structures25 model [5] only trains on these perturbed samples (and 

additionally on the true ground states, excluded from this plot). In the interval [0.06, 0.22], 
the number of samples is approximately uniform across 𝐿2 distances. The bump at around 

𝐿2 distance 0.31 corresponds to the aforementioned stalling of the median at iteration 14, 

which causes a local accumulation of samples at that distance. Interestingly, the valley at 

around 𝐿2 distance 0.22 is not as accentuated as one might expect from Figure 5.6, where 

the stalling of the median seems to not affect the linear downward trend for the subsequent 

15th iteration, that is, removing iteration 14 entirely, we would get a very good linear fit of 

the median 𝐿2 distance across iterations 6–26.

Furthermore, Figure 5.7 reveals a more fundamental issue of the training data: there is a gap 

in the 𝐿2 distance distribution for very small distances to the ground state. By choosing the 

lower bound of the perturbation schedule as 𝜎 = 0.002, [7] tried to avoid this issue, ensuring 

that the smallest perturbations generate samples that are close to the ground state. However, 

we see in Figure 5.7 that there is still a gap at small 𝐿2 distances. We think this is detrimental 

for training, since the model will not see any samples close to the ground state, which is a 

relevant region for density optimization.

This motivates our alternative perturbation strategy described next, which decouples per

turbations from the SCF procedure and allows to directly prescribe the distribution of 𝐿2 

distances to the ground state.
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Figure 5.6: Violin plot of 𝐿2 density differences to the ground state by SCF iteration. The 

ground states themselves are excluded. White markers indicate the median. Perturbations 

start at iteration 6 and end at iteration 26 (red). Plot cut off at 𝐿2 distance 1.0 (excluding 0.05% of non-

ground-state samples).
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Figure 5.7: Histogram of 𝐿2 density differences to the ground state. Only perturbed SCF 

samples are shown, corresponding to the red region in Figure 5.6. Plot cut off at 𝐿2 distance 0.7 

(excluding 0.02% of perturbed samples). Max 𝐿2 distance: 1.6598.
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5.2 Perturbations from the Ground State

The method described in Section 5.1 applies perturbations during the SCF procedure: in each 

iteration 𝑘, a perturbation 𝛿𝑉 (𝑘) is added before solving the eigenvalue problem (48), and the 

resulting orbitals (and thus density) provides one training sample. This approach, used in [5, 

7, 8], has several practical limitations.

Problems with SCF-based perturbation

Limited number of samples per molecule. The number of perturbed samples is bounded 

by the number of SCF iterations (typically 20–30). Generating more samples would require 

running additional, unnecessary SCF iterations past convergence, or restarting the calcula

tion entirely.

SCF trajectory necessary. New datasets might already contain ground-state information, 

for instance in the form of converged densities or Fock matrices, but no SCF trajectories. 

With the SCF-based perturbation method, such data cannot be leveraged since the method 

relies on the presence of an SCF trajectory to apply perturbations at each iteration. This also 

limits the use of external chemistry software packages like ORCA, where no access to SCF 

trajectories might be available.

Brittle implementation. We use the Python package PySCF [15–17] for data generation 

and monkey-patch its Kohn–Sham calculations to apply perturbations during the SCF 

procedure. This creates a brittle dependency on the internal workings of PySCF’s SCF 

implementation, which might change across versions and is not designed for this use case.

Dependence on the exact SCF trajectory. The perturbation in iteration 𝑘 depends on the 

density obtained from the previous iteration, which in turn depends on all past perturbations. 

This makes it difficult to control the distribution of perturbed densities and to avoid gaps 

in it. In [7], this problem is partially addressed by delaying the start of perturbations until 

iteration 6, since in iteration 5, the density is already close to the ground state. However, this 

requires manual tuning of the perturbation start point and still does not guarantee a gap-

free distribution of 𝐿2 distances to the ground state, as seen in Figure 5.7.
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5 Refine-Model

Method

We propose a new data generation method: run the KSDFT calculation to convergence 

without perturbations, then generate all perturbed samples from the converged ground state. 

This decouples perturbation-based data generation from the SCF procedure entirely. Figure 8 

illustrates the two approaches.

(a) Perturbing during SCF iterations (b) Perturbing from the ground state (ours)

Figure 8: Schematic illustration of perturbation strategies. Black/Gray: SCF iterations.

Red: Perturbations. Purple: True ground state 𝑝∗ according to the last SCF iteration.

Let 𝒑∗ denote the ground-state density coefficients obtained from the converged KSDFT 

calculation (Figure 8b), with ground-state density matrix 𝚪∗ and Fock matrix 𝑭 ∗. Let 𝐾 

denote the number of perturbations to generate per molecule, which is now a free parameter 

that can be chosen independently of the SCF iteration count. To generate a perturbation, we 

follow the same general steps as in the SCF-based approach, but now starting from the fixed 

ground state instead of the iteratively changing SCF trajectory.

Let 𝛿𝑽  denote the perturbation vector in the density basis, holding coefficients 𝛿𝑉𝜇 of the 

perturbation potential 𝛿𝑉 (𝒓) in (76). To allow for fine-grained control over the distribution 

of perturbed densities, we parameterize 𝛿𝑽  in terms of radius 𝑟 > 0 and unit direction 𝒖:

𝛿𝑽 ≔ 𝑟 ⋅ 𝒖, 𝒖𝑇 𝑾𝒖 =! 1 (85)

The direction 𝒖 is normalized to ensure that the perturbation vector has length 𝑟:

‖𝛿𝑽 ‖2 = √(𝛿𝑽 )𝑇 𝑾𝛿𝑽 =
√

𝑟2𝒖𝑇 𝑾𝒖 = 𝑟 (86)

Here, the overlap matrix 𝑾  of the density basis occurs since the perturbation is expressed in 

that basis (76). In practice, 𝒖 is obtained by drawing from a normal distribution 𝒛 ∼ 𝒩︀(0, 1) 
and normalizing
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5.2 Perturbations from the Ground State

𝒖 ≔ 𝒛√
𝒛⊤𝑾𝒛

(87)

while rejecting near-zero samples where the normalization would be unstable. This proce

dure yields perturbation directions uniformly on the unit sphere defined by the 𝑾 -norm, 

ensuring that no direction is favored over another.

We can summarize the perturbation sampling procedure as follows:

1. Sample the radius 𝑟 from a prescribed radial probability distribution function (PDF) and a 

normalized direction 𝒖, to obtain the perturbation vector 𝛿𝑽 ≔ 𝑟 ⋅ 𝒖 in the density basis.

2. Construct the perturbed Fock matrix based on the ground-state Fock matrix 𝑭 ∗ and the 

perturbation 𝛿𝑽 . By (80), the entries of the perturbed Fock matrix are

𝑭pert,𝛼𝛽 ≔ 𝑭 ∗
𝛼𝛽 + ∑

𝑀

𝜇=1
𝛿𝑉𝜇𝑊𝜇𝛼𝛽 (88)

3. Solve the generalized eigenvalue problem 𝑭pert𝑪 = 𝑺𝑪𝜺 for the perturbed orbital coeffi

cients 𝑪, from which the perturbed density matrix 𝚪 and density coefficients 𝒑 follow by 

density fitting (60).

4. Compute the energy labels (𝑇S, 𝐸H, 𝐸XC, 𝐸ext) for the perturbed density 𝒑 and the kinetic 

energy gradient (83), using the same procedures as for unperturbed SCF iterations. The 

effective potential at the ground state is computed once and reused for all perturbations.

The unperturbed ground state itself is included as an additional sample, such that the data 

for each molecule comprises the converged KSDFT result together with any number 𝐾 of 

perturbations around it. Results are stored in .zarr.zip files.

Sampling the perturbation radius

With the new radius parameter 𝑟, we can prescribe the distribution of 𝐿2 density distances to 

the ground state by choosing a suitable PDF for 𝑟. Note however that this radius determines 

only the length of the perturbation vector 𝛿𝑽  in the density basis, not the actual 𝐿2 distance 

of the resulting perturbed density to the ground state.

As described in Section 5.1, we perturb the effective potential 𝑉eff, which in turn gives an 

additive contribution to the Fock matrix 𝑭  in (80). This perturbed Fock matrix is then used to 

solve the eigenvalue problem (48), yielding the perturbed density coefficients 𝒑 via density 

fitting (60). Due to this chain of non-linear transformations, finding a closed-form relation

ship between the perturbation radius 𝑟 and the resulting 𝐿2 distance of the perturbed density 

to the ground state is difficult and would essentially require inverse KSDFT calculations.
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5 Refine-Model

Despite this limitation, we find that for small perturbation radii, the resulting 𝐿2 density 

distance to the ground state is approximately proportional to 𝑟. One might think of this as a 

first-order approximation of the response of the system to perturbations.

We leverage this by proposing a new perturbation sampling framework that allows to 

generate perturbations according to an arbitrary, continuous PDF 𝑓 : ℝ → [0, ∞), where 

∫ 𝑓(𝑥) d𝑥 = 1. In order to sample perturbations matching the distribution 𝑓 , we make use 

of the inversion principle presented as Theorem 2.1 in chapter II.2 in [31].

Theorem 5.1 (Inversion Principle) :  Let 𝐹  be the cumulative distribution function 

(CDF) on ℝ corresponding to PDF 𝑓 , defined by 𝐹(𝑥) = ∫𝑥
−∞

𝑓(𝑡) d𝑡. Let 𝐹−1 be the 

generalized inverse distribution of 𝐹 , defined by

𝐹−1(𝑢) ≔ inf {𝑥 ∈ ℝ | 𝐹(𝑥) ≥ 𝑢}, 𝑢 ∈ [0, 1] (89)

If 𝑢 is a uniform random variable on [0, 1], then 𝐹−1(𝑢) has 𝐹  as its CDF, and therefore 

follows the distribution defined by PDF 𝑓 .

Proof :  Let 𝑢 ∼ Uniform[0, 1]. Let 𝑎 ∈ ℝ. Take 𝑥 ≔ 𝐹−1(𝑢) ∈ ℝ.

ℙ(𝑥 ≤ 𝑎) = ℙ(𝐹−1(𝑢) ≤ 𝑎) = ℙ(inf {𝑦 | 𝐹(𝑦) ≥ 𝑢} ≤ 𝑎) (90)

=
(∗)

ℙ(𝑢 ≤ 𝐹(𝑎)) = 𝐹(𝑎) (91)

The last step uses that 𝑢 is uniform on [0, 1]. In step (∗), we employ the equivalence 

inf {𝑦 | 𝐹(𝑦) ≥ 𝑢} ≤ 𝑎 ⇔ 𝑢 ≤ 𝐹(𝑎), justified as follows:

• (⇐): If 𝑢 ≤ 𝐹(𝑎), then 𝑎 ∈ {𝑦 | 𝐹(𝑦) ≥ 𝑢}, so the infimum of that set is at most 𝑎.

• (⇒): Let 𝑥∗ = inf {𝑦 | 𝐹(𝑦) ≥ 𝑢} and suppose 𝑥∗ ≤ 𝑎. By definition of the infimum, 

there exists a sequence 𝑦𝑛 ↘︎ 𝑥∗ with 𝐹(𝑦𝑛) ≥ 𝑢 for all 𝑛. Right-continuity of 𝐹  then 

gives 𝐹(𝑥∗) = lim𝑛→∞ 𝐹(𝑦𝑛) ≥ 𝑢. Since 𝐹  is weakly monotonically increasing and 

𝑥∗ ≤ 𝑎, we conclude 𝐹(𝑎) ≥ 𝐹(𝑥∗) ≥ 𝑢. Right-continuity and monotonicity of 𝐹  

are guaranteed by the definition of a CDF.

Overall, we remark that ℙ(𝑥 ≤ 𝑎) = 𝐹(𝑎). And since 𝑥 was chosen as 𝑥 ≔ 𝐹−1(𝑢), 
we see that 𝐹−1(𝑢) has 𝐹  as its CDF. ∎

This suggests a simple sampling procedure: generate a uniform random variable 𝑢 on [0, 1]. 
Then take 𝑥 ≔ 𝐹−1(𝑢) as sample. As seen, 𝑥 follows the distribution with CDF 𝐹  as desired.
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In practice, we specify a PDF 𝑓  rather than a closed-form CDF 𝐹 , so 𝐹  is computed numer

ically before applying the inversion principle. Here, 𝑓  describes a non-negative perturbation 

radius with support [0, 𝑟max] for some finite 𝑟max > 0. Therefore, 𝑓(𝑟) = 0 for 𝑟 < 0, which 

implies 𝐹(0) = ∫0
−∞

𝑓(𝑟) d𝑟 = 0. We construct a uniform grid with 𝑁 ≥ 2 points

𝑟𝑖 = 𝑖
𝑁 − 1

𝑟max, 𝑖 = 0, 1, …, 𝑁 − 1 (92)

The CDF is approximated by the trapezoidal rule, initialized with 𝐹(𝑟0) = 0:

𝐹(𝑟𝑖) = ∑
𝑖

𝑗=1

𝑓(𝑟𝑗−1) + 𝑓(𝑟𝑗)
2

(𝑟𝑗 − 𝑟𝑗−1), 𝑖 = 1, …, 𝑁 − 1 (93)

In our code, we do not want the user to worry about normalization of the PDF 𝑓 , so we 

allow 𝑓  to be specified up to a normalization constant. Note how the above theorem does not 

require 𝑓  to be normalized, so the inversion principle still holds for the unnormalized CDF 

𝐹 . However, since we want to sample from the distribution defined by 𝑓 , we need to ensure 

that the CDF is properly normalized:

𝐹(𝑟𝑖) ≔ 𝐹(𝑟𝑖)
𝐹(𝑟𝑁−1)

(94)

enforcing 𝐹(𝑟0) = 0 and 𝐹(𝑟𝑁−1) = 1. The generalized inverse 𝐹−1 is evaluated by linear 

interpolation on the pairs (𝐹(𝑟𝑖), 𝑟𝑖).

Generated Data

With our proposed perturbation method, we generate new training data based on the QM9 

dataset [6], while reusing already existing converged KSDFT results. This shows how our 

method can leverage existing ground-state data without requiring SCF trajectories. For each 

molecule, we generate 𝐾 = 20 perturbations from the ground state according to different 

PDFs for the perturbation radius 𝑟. We only specify the functional form of the PDFs up to a 

normalization constant.

Name PDF

Uniform 𝑓(𝑟) = {𝑟max 𝑟 ∈ [0, 𝑟max]
0 otherwise (95)

Linear 𝑓(𝑟) = {
1 − 𝑟

𝑟max
𝑟 ∈ [0, 𝑟max]

0 otherwise
(96)

Cosine 𝑓(𝑟) =
{

(1 + cos(𝜋 𝑟

𝑟max
))

𝑝
, 𝑝 ∈ ℝ+ 𝑟 ∈ [0, 𝑟max]

0 otherwise
(97)
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Heuristically, we fix 𝑟max ≔ 0.34, which roughly corresponds to a mean 𝐿2 density distance 

of 0.042 to the ground state. This choice is motivated by the DGSP Equiformer results in 

Figure 4.5, where we find that 99.89% of the predicted densities have an 𝐿2 distance to the 

ground state of at most 0.042. For the cosine PDF, we set the annealing power exponent to 

𝑝 = 1.5 (the exact numerical value is arbitrary, but we choose 𝑝 > 1 to put more emphasis 

on small perturbation radii).

All data was generated on the “bwForCluster Helix” using at most 1000 CPU cores in parallel. 

Data generation took at most 24 hours (≈ 130000 CPU hours) for each PDF. The resulting 

datasets are each around 200 GB in size for all 133,885 molecules. The original labels used 

in [5] are 337 GB in size, but also use one more SCF iteration per molecule (21 instead of 20) 

and include the unperturbed SCF trajectory. We check the consistency of the stored data by 

making sure that the energy gradient label is 0.0 (within numerical precision) for the ground 

state sample of each molecule.

Figures 5.10, 5.11 and 5.12 show the distribution of 𝐿2 density differences to the ground state 

for the perturbed samples generated with the uniform, linear and cosine PDFs, respectively. 

In Figure 5.9, we overlay the three distributions for comparison. The ground state itself is 

excluded from these plots.

We find that in all cases, the distribution of 𝐿2 distances to the ground state nicely follows the 

shape of the underlying PDF (with some small deviations in counts likely due to numerical 

inaccuracies). This validates the effectiveness of our perturbation sampling method in con

trolling the distribution of perturbed densities. Furthermore, the problem of a gap at small 𝐿2 

distances to the ground state, observed in Figure 5.7 for the SCF-based perturbation method, 

is successfully resolved by our new method, where by design we choose the grid points (92) 

to start at 𝑟 = 0.

However, at the right tail of every distribution, we observe an exponential decay. This is 

particularly pronounced in Figure 5.10, where a harder cutoff would have been expected. As 

discussed above, the relationship between perturbation radius 𝑟 and the resulting 𝐿2 distance 

to the ground state is non-linear. For larger perturbations, the linear response approximation 

no longer holds, and the system’s response to perturbations becomes more complex. A 

systematic analysis of this behavior is an interesting subject for future research.

41



5.2 Perturbations from the Ground State

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
0

10000

20000

30000

40000

50000

‖𝜌 − 𝜌∗‖2

C
ou

n
t

Uniform
Linear
Cosine

Figure 5.9:  Generated perturbed data according to the proposed perturbation method for 

more controllable data generation (133 885 molecules with 20 perturbations each).

Overlay of Figures 5.10, 5.11 and 5.12.
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Figure 5.10:  Perturbed data generated with the Uniform PDF (95).
Plot cut off at 𝐿2 distance 0.07 (excluding 96 samples, i.e. 0.004%). 1200 bins.
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Figure 5.11:  Perturbed data generated with the Linear PDF (96).
Plot cut off at 𝐿2 distance 0.07 (excluding 19 samples, i.e. 0.0007%). 1200 bins.
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Figure 5.12:  Perturbed data generated with the Cosine PDF (97).
Plot cut off at 𝐿2 distance 0.07 (excluding 17 samples, i.e. 0.0006%). 1200 bins.
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5.3 Evaluation on the new data

For every newly generated dataset, we train the Graphormer model with the same hyper

parameters as in Structures25 [5], and evaluate the resulting model by running Density 

Optimization on the test split of QM9. This allows us to evaluate how far the learned ground 

state is from the label ground state, given different training data. We compare the results to 

a baseline model trained on the original SCF-based perturbation data from [5]. Results are 

shown in Table 5.1.

Trained on PDF Mean Total Energy Error

Δ𝐸 [mHa]

Mean Density Error

‖Δ𝜌‖2

Baseline 0.7182 0.0167
Uniform 2.2528 0.0292
Linear 2.4823 0.0261
Cosine 2.2786 0.0297

Table 5.1: Density Optimization on the test split (13,389 molecules),

initialized at the true ground state (label).

Contrary to our expectations, the new training data does not lead to improved performance. 

In fact, the baseline model trained on the original SCF-based perturbation data from [5] 

outperforms all other models. Among the newly trained models, the one trained on the 

uniform PDF performs best in terms of energy error, while the one trained on the linear PDF 

performs best in terms of density error (highlighted in bold).

One reason for the poor performance of the new models could be the fact that the original 

data contains samples up to an 𝐿2 distance of around 0.6 to the ground state (see Figure 5.7), 

while the new data only contains samples up to an 𝐿2 distance of around 0.06 (see Figure 5.9). 

It might be that the presence of samples farther away from the ground state in the original 

data helps the model to learn a better optimization landscape for Density Optimization, even 

in the region close to the ground state. This suggests that having a wide range of perturba

tions, including larger ones, might be beneficial for training.

Figures 5.13 to 5.16 show the Density Optimization trajectories on the test split, relating the 

𝐿2 density error to the energy gradient norm along each trajectory. Comparing Figure 5.13 

with 5.15, we observe that initialization at the label leads to smaller initial gradient norms for 

the uniform model, as expected because its training data contains more samples close to the 

ground state. For both models, each trajectory contains a region with an inverse “S” shape: 

as the gradient norm decreases, both the gradient norm and the density error briefly increase 

before decreasing again. This may indicate that the optimizer passes over a local hill in the 

optimization landscape, but it is not evident where this behavior comes from.

44



5 Refine-Model

0.000 0.005 0.010 0.015 0.020 0.025

‖𝜌 − 𝜌∗‖2

0.00

0.05

0.10

0.15

0.20

‖∇
𝑝𝐸

‖ 2

50

100

150

200

It
er

at
io

n
 n

u
m

be
r

Figure 5.13:  Baseline model. Each line shows a density optimization trajectory for one of 40 randomly 

sampled test molecules, plotted in the space of 𝐿2 density error vs. energy gradient norm. Points along the 

same trajectory are connected, and the color encodes the iteration index. The trajectories are initialized 

at the true ground state (label) and end at the stopping index of Density Optimization, where the energy 

gradient norm falls below 10−4. Number of maximum optimization steps needed: 237.
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Figure 5.14:  Baseline model (zoom). Same trajectories as in Figure 5.13,

restricted to the low-error region.
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Figure 5.15:  Model trained on uniform data. Density Optimization trajectories for the same 40 

randomly sampled test molecules as in Figure 5.13. See Figure 5.13 for more details on the 

plot setup. Number of maximum optimization steps needed: 1 434.
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Figure 5.16: Uniform model (zoom). Same trajectories as in Figure 5.15,

restricted to the low-error region.
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After the first bulge, comparing Figure 5.14 with 5.16, we observe that the baseline model 

rapidly decreases the energy gradient norm in the low-error region while leaving the 𝐿2 

density error nearly unchanged. In contrast, the uniform model requires many more steps to 

reach gradient norms below 0.0015 (which is why the lines appear smoother in Figure 5.16).

The tail of this “S” shape can be best described as “drifting” behavior, especially visible in 

the uniform model in Figure 5.16, where the gradient norm continues to decrease while the 

density error increases. This results in negatively curved trajectory lines. Therefore, the final 

reported density errors are higher than what one would obtain when extrapolating a linear 

fit through the region above an energy gradient norm of 0.0015 in Figure 5.16.

A possible explanation is optimizer momentum: if the minimum of the learned functional is 

slightly shifted relative to the true ground state, the trajectory may first move away from the 

true ground state while building momentum, then slightly overshoot the learned minimum, 

and finally return towards it in the last iterations. Note that the “drifting” behavior can 

already be observed for the Baseline model in Figure 5.14, but in a much less pronounced 

way, which may explain why the final density errors are still lower than for the model trained 

on the uniform data. Further analysis is required to understand the origin of this “S” shape 

and the drifting behavior, and to investigate how it can be mitigated.

Combining the Prime- with the Refine-Model

So far, the trained models have only been evaluated on Density Optimization trajectories 

initialized from the true ground-state density (label). The long-term objective, however, is 

to use a Refine-Model to improve the predictions of the DGSP (Prime-Model). In this setup, 

a single forward pass of the Prime-Model provides an initial density guess for the Refine-

Model, which can subsequently be optimized to high accuracy through Density Optimization 

while also producing accurate energy labels.

In the Structures25 [5] codebase, Density Optimization is modified. An additional path to a 

DGSP checkpoint and DGSP model config can be provided, which triggers the Prime–Refine 

workflow. The DGSP model is loaded once per process, then shared across all worker threads. 

For each sample, the stored MINAO initial guess (SCF iteration 0) is loaded from the dataset 

and fed through the DGSP model, which predicts a correction. This correction is added to 

the MINAO coefficients to obtain a DGSP-corrected density, which is then used directly as 

the initial density for Density Optimization.

Preliminary results for the Prime–Refine workflow with the Equiformer DGSP model suggest 

that DGSP already produces densities very close to the ground state (see Section 4.3, where it 

reaches a 𝐿2 density error of 0.0075 on the QM9 test split). However, during the subsequent 

optimization, the Refine-Model appears to move away from the ground state, so that the 

final results are worse than those obtained from the DGSP prediction alone. This matches 

47



5.3 Evaluation on the new data

the “drifting” behavior seen in Figure 5.16: even when the optimization is initialized at the 

label ground state, it departs from the ground state in the low-error regime.

Future work should focus on two directions. First, the drifting behavior and the “S”-shaped 

optimization trajectories need to be understood and resolved before the Refine-Model can 

be used reliably. One approach, deviating from what was done here, is to generate training 

data with a wider range of 𝐿2 distances to the ground state, including perturbations much 

larger than those used here, so that the KEDF model has better coverage of the optimiza

tion landscape encountered during Density Optimization. Alternatively, one could explore 

training objectives that explicitly penalize drifting, for instance by adding a regularization 

term that discourages the modeled gradient from pointing away from the ground state in 

the low-error regime. Second, once the drifting issue is resolved, the complete Prime–Refine 

pipeline should be evaluated end-to-end: using the DGSP prediction as the starting density 

for Density Optimization, and assessing the overall performance in terms of final energy and 

density errors.
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This thesis investigates two complementary strategies for improving ground state prediction 

in orbital-free density functional theory (OF-DFT): Direct Ground State Prediction (DGSP), 

which approximates the ground state density in a single forward pass, and improves data 

generation for the variational Density Optimization approach.

Building on the Structures25 codebase, we first introduce DGSP models that predict the 

ground state density coefficients directly from the molecular geometry, bypassing the iter

ative density optimization loop entirely. By adding an MLP readout head to the existing 

GNN backbone and training with a physically motivated natural 𝐿2 loss that incorporates 

the basis overlap matrix, both the Graphormer and Equiformer variants achieve 𝐿2 density 

errors that surpass the Denop baseline on the QM9 test set. The Equiformer model reaches a 

mean 𝐿2 density error of 0.0075, roughly halving the baseline error of 0.0167, and does so 

in a single forward pass rather than ≈ 200 optimization iterations. Evaluating the full test 

set with DGSP is approximately an order of magnitude faster than with Denop.

Second, we propose a new perturbation-based data generation method that decouples the 

creation of training samples from the Kohn–Sham SCF procedure. Instead of perturbing the 

effective potential during the SCF iterations, our method generates all perturbed samples 

from the converged ground state. By decomposing the perturbation vector into a radius and 

a normalized direction, we gain direct control over the distribution of 𝐿2 density distances 

to the ground state through a user-specified probability distribution function (PDF). We 

implement a general sampling framework based on the inversion principle that supports 

arbitrary continuous PDFs, and validate it by generating training data for three different 

distributions (uniform, linear, cosine). The resulting 𝐿2 distance distributions closely follow 

the prescribed PDFs and, importantly, the gap at small 𝐿2 distances present in the original 

SCF-based data is eliminated.

Despite these promising properties, models trained on the newly generated data do not yet 

surpass the Structures25 baseline in Density Optimization. We attribute this shortcoming to 

the narrower range of perturbation radii employed relative to the original data, indicating 

that broad coverage of the energy landscape, including regions far from the ground state, 

remains essential. This conclusion is reinforced by a “drifting” phenomenon observed during 

Density Optimization: when a model trained on the new data is initialized at the label ground 

state, the optimization trajectory moves away from the ground state, suggesting that the 

learned energy landscape is not sufficiently accurate in all directions around the ground state.

Several directions for future work emerge from these findings. First, the drifting behavior 

during Density Optimization in the low-error regime should be investigated more closely, for 

instance through regularization of the learned gradient or by training on data that covers a 

wider range of 𝐿2 distances, including much larger perturbations. Second, the generalization 

of DGSP beyond QM9 to larger and more chemically diverse molecules, such as those in 
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QMugs, should be explored to assess whether the single-pass prediction remains reliable 

as molecular complexity grows. Third, the new perturbation framework could be combined 

with active learning strategies that adaptively sample perturbation radii in regions where 

the model’s energy landscape is least accurate.

A list of software contributions made during this thesis, including infrastructure improve

ments, visualization tools and codebase enhancements that go beyond the scope of the main 

text, is provided in Appendix A.1.
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A Appendix

A.1 Software Contributions

During the course of this thesis, the author made several contributions to the existing 

codebase of the OF-DFT implementation by SciAI Lab. The public branch is available on 

GitHub, but does not reflect all latest changes.

• Implemented 𝐿2 natural loss for usage in DGSP with the Graphormer and Equiformer.

• Added a framework for perturbations around the ground state without having to perturb 

during Kohn–Sham SCF iterations.

• Added a framework to perturb according to a given probability distribution function (PDF).

• Implemented DGSP-initialized Density Optimization.

• Added a Jupyter Notebook for an in-depth view into how Density Optimization works. 

This is useful for new users of the codebase.

• Improved the visualization pipeline with Blender’s Python API and the Molecular Nodes 

Add-in to create high-quality renderings of molecular structures and differences between 

predicted and true ground state densities.

• Uploaded the Structures25 models to HuggingFace for easier access and reproducibility.

• Simplified configuration for running Density Optimization on all molecules.

• Improved terminal feedback during Density Optimization by means of a global progress 

bar across all processes and threads.

• Updated Python version & software packages, fixed small bugs and pinned dependencies 

via the Python package manager uv to ensure reproducibility of results.

• Added a Copilot Instructions file to guide the AI assistant in code generation and review.

59
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A.2 Further Proofs

Proof of Theorem 2.10 :  We make use of the definition of the determinant of an 𝑁 × 𝑁  

matrix 𝐴 with entries 𝐴𝑖,𝑗 as

det(𝐴) = ∑
𝜎∈𝑆𝑁

(sgn(𝜎) ∏
𝑁

𝑖=1
𝐴𝜎(𝑖),𝑖) (98)

With this, we can write the density 𝜌𝚽(𝒓) as

𝜌𝚽(𝒓) =
(6)

𝑁 ∫
ℝ3(𝑁−1)

|𝜓(𝒓, 𝒓2, ⋯, 𝒓𝑁)|2 d𝒓2 ⋯ d𝒓𝑁 (99)

= 𝑁 ∫
ℝ3(𝑁−1)

𝜓(𝒓, 𝒓2, ⋯, 𝒓𝑁) 𝜓∗(𝒓, 𝒓2, ⋯, 𝒓𝑁) d𝒓2 ⋯ d𝒓𝑁 (100)

=
(30) 𝑁

𝑁!
∫

ℝ3(𝑁−1)

∑
𝜎,𝜏∈𝑆𝑁

sgn(𝜎) sgn(𝜏) ⋅ ⤦ (101)

𝜙𝜎(1)(𝒓) ⋯ 𝜙𝜎(𝑁)(𝒓𝑁) ⋅ 𝜙∗
𝜏(1)(𝒓) ⋯ 𝜙∗

𝜏(𝑁)(𝒓𝑁) d𝒓2 ⋯ d𝒓𝑁 (102)

= 1
(𝑁 − 1)!

∑
𝜎,𝜏∈𝑆𝑁

sgn(𝜎) sgn(𝜏) 𝜙𝜎(1)(𝒓) 𝜙∗
𝜏(1)(𝒓) ⋅ ⤦ (103)

∏
𝑁

𝑖=2
(∫

ℝ3

𝜙𝜎(𝑖)(𝒓𝑖) 𝜙∗
𝜏(𝑖)(𝒓𝑖) d𝒓𝑖) (104)

= 1
(𝑁 − 1)!

∑
𝜎,𝜏∈𝑆𝑁

sgn(𝜎) sgn(𝜏) 𝜙𝜎(1)(𝒓) 𝜙∗
𝜏(1)(𝒓) ∏

𝑁

𝑖=2
𝛿𝜎(𝑖),𝜏(𝑖) (105)

The last step used the orthonormality of the orbitals 𝜙𝑖. Now, we have a double sum 

over permutations (𝜎, 𝜏). In each summand, we have the product ∏𝑁
𝑖=2 𝛿𝜎(𝑖),𝜏(𝑖) that 

is only non-zero if 𝜎(𝑖) = 𝜏(𝑖) for all 𝑖 ∈ {2, …, 𝑁}. This means that 𝜎 and 𝜏  must be 

identical on the set {2, …, 𝑁}. Therefore, we can replace the sum over 𝜎 and 𝜏  with a 

simple sum only over 𝜎:

𝜌𝚽(𝒓) = 1
(𝑁 − 1)!

∑
𝜎∈𝑆𝑁

1
⏞sgn(𝜎) sgn(𝜎) 𝜙𝜎(1)(𝒓) 𝜙∗

𝜎(1)(𝒓) (106)

= 1
(𝑁 − 1)!

∑
𝜎∈𝑆𝑁

|𝜙𝜎(1)(𝒓)|2 (107)

The symmetric group 𝑆𝑁  has 𝑁! elements. Exactly (𝑁 − 1)! of them have 𝜎(1) = 𝑖 
since, once 𝜎(1) is fixed, the remaining 𝑁 − 1 elements can be permuted arbitrarily. 

With this, we obtain the desired result

𝜌𝚽(𝒓) = (𝑁 − 1)!
(𝑁 − 1)!

∑
𝑁

𝑖=1
|𝜙𝑖(𝒓)|2 = ∑

𝑁

𝑖=1
|𝜙𝑖(𝒓)|2 (108)

∎
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